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Motivation
Extract cosmological information from measurements of the 

Large Scale Structure (LSS) 

- Galaxy Clustering  
- Weak Lensing  
- 21 cm 
- Ly alpha 
- …

BOSS, DES, DESI, EUCLID, LSST, …



PHYSICS GOAL
Probe density/velocity perturbations in matter, galaxy, … any other tracer 

at scales ~ CMB, but  
at late timesn in a matter/DE dominated universe 

GOALS: 

- Constrain 𝝠CDM parameters; 

- Test 𝝠CDM assumptions; 
- Measure neutrino masses, primordial non gaussianity,…; 
- Test gravity!  
- Discover new physics beyond 𝝠CDM!!



Figure 1: Two-dimensional slice projections (pie diagram) of the measured locations of galaxies in the CfA2, 2dF, and SDSS
galaxy redshift surveys (top half). The bottom half shows the location of galaxies which were assigned to dark matter halos
in the Millennium gravity-only N-body simulation using a semi-analytical prescription. It is apparent that the simulation,
which assumes a flat ⇤CDM cosmology, qualitatively reproduces the observed large-scale structure of the Universe very well.
From [31].

large-scale galaxy power spectrum and the cosmic microwave background (CMB) [24, 25, 26, 27, 28, 29, 30],
and any significant departures from this model are by now tightly constrained. We briefly recap the history
here.

In the early 1990s, the flat, matter-dominated Einstein-de Sitter (EdS) Universe [32], was favored on
theoretical grounds. Ref. [33] pointed out that this scenario made inconsistent predictions in the relative
amplitude between large-scale and smaller scale clustering of the APM galaxies given the constraints on the
primordial amplitude of perturbations from CMB temperature fluctuations from COBE [34]. Essentially,
since the two-point function of tracers, even those that are biased according to Eq. (1.1), follows that of
matter on large scales, the former could be used to rule out the shape of the matter correlation function
predicted by the EdS scenario. Moreover, this cosmological model did not correctly describe galaxy velocity
statistics [35]. As noted in [36], the introduction of a cosmological constant, with a magnitude that cor-
responds to roughly 80 percent of the present-day total energy density, could resolve the discrepancy (see
also the earlier discussion in [37]). This eventually led to the establishment of the standard flat ⇤CDM
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Figure 2: Schematic outline of the theoretical prediction of observed galaxy statistics. Given the statistics of the initial
conditions, perturbative bias expansions predict the rest-frame galaxy density as well as that of dark matter halos. This
expansion can either be done using Lagrangian (left) or Eulerian frames (right). Crucially, the general bias expansion in either
frame is mathematically equivalent. The bias expansion is closely connected to the perturbation theory of the matter density
field (Lagrangian [LPT] and standard Eulerian [SPT] perturbation theory, respectively). The peak-background split (PBS)
informs the bias expansions by relating the bias parameters to responses of the mean tracer abundance. The peak and excursion
set approaches are a special case of the Lagrangian bias expansion, and predict the proto-halo density, which is connected to the
statistics of halos at low redshift through conserved evolution. The statistics of halos in turn can be related to those of galaxies
through halo occupation distribution (HOD) and subhalo abundance matching (SHAM) approaches. Finally, the connection
between rest-frame and observed galaxy statistics involves selection and projection e↵ects (such as redshift-space distortions).
Cosmological physics enters the initial conditions through primordial non-Gaussianity and isocurvature perturbations between
baryons and CDM. It also enters the evolution of structure, and consequently the bias expansion, through the e↵ects of massive
neutrinos, dark energy, and modified gravity.
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Why going (semi)analytical?
What we need: 

a theoretical modelling for the data 
analysis pipeline which is: 

- accurate; 
- fast; 
- flexible 

Models scan:  
- forget about N-body alone; 
- emulators; 
- semi-analytical. 
  

Figure 1: Left panel : The posterior distribution for the late-Universe parameters
H0,⌦m and �8 obtained with priors on !b from Planck (gray contours) and BBN (blue
contours). For comparison we also show the Planck 2018 posterior (red contours) for
the same model (flat ⇤CDM with massive neutrinos). Right panel : The monopole
(black dots) and quadrupole (blue dots) power spectra moments of the BOSS data for
high-z (upper panel) and low-z (lower panel) north galactic cap (NGC) samples, along
with the best-fit theoretical model curves. The corresponding best-fit theoretical
spectra are plotted in solid black and blue. H0 is quoted in units [km/s/Mpc].

adopted in this work allows for a clear comparison between the two experiments at
the level of the fundamental ⇤CDM parameters. Our measurement of H0 is driven by
the geometric location of the BAO peaks, whereas the limits on ⌦m result from the
combination of both the geometric (distance) and shape information. �8 is measured
through redshift-space distortions. We performed several tests to ensure that our
constraints are saturated with these three effects, and confirmed that distance ratio
measurements implemented through the Alcock-Paczynski effect can only marginally
affect the cosmological parameters of ⇤CDM. However, the situation changes in
its extensions, in which the Alcock-Paczynski effect becomes a significant source of
information.

It is important to emphasize that we did not assume strong priors on the power
spectrum shape in our analysis, in contrast with the previous full-shape studies,
which used such priors. In order to explore the relation with those previous works
we ran an analysis with very tight shape priors and obtained essentially the same
results as in Tab. 1. However, in that case ⌦m cannot be viewed as an independently
measured parameter, since the shape priors completely fix the relation between ⌦m

– 6 –
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Why going (semi)analytical?

Physical insight on the evolution of the LSS:  

- bias; 
- redshift space distortions; 
- reconstruction; 
- consistency relations; 
- shell-crossing, virialization …



Outline
- brief review of statistical field theory 
- the setup: Eulerian vs Lagrangian, equations of motion 
- structure formation in the LineLand (1+1 dimensions) 
- Standard Perturbation Theory 
- performance and problems of SPT  
- IR effects: resummations and BAO’s 
- UV behavior: Effective approaches 
- From matter to biased tracers 
- Redshift space distortions 
- Putting all together (state of the art) 
- Beyond PT: consistency relations 
- Beyond PT: shell-crossing 
- [Beyond CDM: Axions and ALP’s] 
- [Beyond LCDM: neutrinos, PNG, non-standard growth and mode-coupling]



Statistical field theory for 
the LSS

Initial conditions on perturbations provided by 

quantum fluctuations during inflation: statistical description of random fields 

Cosmological Principle: Statistical homogeneity and isotropy of random fields on 
spatial slices at fixed proper time 


Fair Sample Hypothesis: “distant” patches of the Universe ~ independent 
realizations of the same statistical process. Ergodic Hypothesis.  
In 𝝠CDM this is valid above ~ O(100) Mpc/h [—> trade ensemble averages for 
spatial averages above these scales]



Random scalar field  
(density, velocity divergence, gravitational potential,…)

process. Bias describes, in a statistical sense, the relation of the distribution of these objects to that of
matter. Clearly, this is a very complicated relation in general: galaxy formation takes place over long periods
of time and in interaction with the formation of structure in the matter distribution, and is currently far
from being understood in detail (see [83] for an overview). Given a perturbation-theory based description
of the large-scale matter density and tidal fields on quasi-linear scales, the goal of a description of galaxy
bias is then to write the local number density of galaxies ng as the most general function (allowed by
general covariance under coordinate transformations) of the properties of the large-scale environment. Key
theoretical advances have been made in the understanding of bias over the past decade, paralleling those
for the matter density field mentioned above.

Remarkably, on quasi-linear scales, all the complexities of galaxy formation can then be absorbed into a
finite number of parameters (at each order in perturbations and at fixed time), the bias parameters. This is a
nontrivial result, and relies on the fact that on large scales, structure formation is completely determined by
the action of gravity. In fact, one can show that, at linear order in perturbation theory, the ansatz Eq. (1.1)
is correct and complete, up to an additional additive noise term. More generally, the statistics of galaxies
at a given order in perturbation theory are determined by a well-defined set of bias parameters which can
be constrained using these statistics. In this way, we e↵ectively marginalize over the unknown details of
the galaxy formation process, while robustly extracting cosmological information from galaxy surveys. This
review provides a comprehensive overview of this approach, and connects it to the other aspects of the
theory of galaxy clustering on quasi-linear scales, as summarized in Fig. 2.

To summarize, the perturbative theory of galaxy clustering, valid on quasi-linear scales, is based on
two key ingredients: (i) a perturbation theory prediction for the matter density and tidal field; (ii) a
complete parametrization of galaxy bias at each order in perturbation theory.

Despite the complexities of galaxy formation mentioned above, there is a robust, well-established fact that
we can build on: galaxies reside in massive, gravitationally bound structures called halos. As dark matter
makes up approximately 80% percent of all matter, the potential well of gravitationally bound structures
is dominated by dark matter, and consequently the halos hosting galaxies are dark-matter dominated.
The connection between galaxies and halos is well established numerically and observationally, for example
through stacked weak gravitational lensing [84, 85]. The lower half of Fig. 1 shows an example of how halos
identified in a gravity-only simulation can be populated with galaxies to realistically reproduce their observed
distribution. Thus, the description of the large-scale clustering of dark matter halos is a physically well-
motivated intermediate step toward the understanding of the clustering of galaxies themselves. Moreover,
the formation, structure, and clustering of halos can be studied reliably and in detail via gravity-only N-body
simulations. Hence, several sections of this review will deal with numerical results on, and physical models
of halo clustering (in particular, Sec. 4 and Sec. 5–6).

1.3 Notation and terminology

Throughout the bulk of this review, we work in conformal-Newtonian gauge and comoving coordinates,
and restrict to scalar perturbations. Then, the perturbed Friedmann-Robertson-Walker (FRW) metric can
be written as

ds2 = a2(⌧)
⇥
�(1 + 2�)d⌧2 + (1 � 2 )�ijdxidxj

⇤
, (1.2)

where in General Relativity � =  in the absence of anisotropic stress. The matter density contrast �
is, in general, not a local observable. Thus, it should not really appear by itself in a bias expansion. On
scales much smaller than the comoving horizon, H ⌘ aH, however, this issue is irrelevant for all popular
gauge choices. Strictly speaking, the matter density perturbation � should be understood as being defined
in synchronous-comoving gauge throughout this review [86, 87]. We will discuss these issues in Sec. 2.9.

We will use the reference cosmology defined in Tab. 1 for all numerical results, unless otherwise indicated.
Note that numerical results and figures taken from the published literature are based on di↵erent cosmological
parameters. Throughout the review, the matter ⇢m and galaxy (or halo) densities ng (nh) are defined
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random variables: '(x)
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+ n-point probability distribution functions: Pn ('(x1), '(x2) , · · · ,'(xn))
<latexit sha1_base64="Xh/HNfBSFUkBC7GCYKR+DMBlWaA="></latexit>

n-point correlation functions: 

h'(x1) · · ·'(xn)i =
Z

d'(x1) · · · d'(xn)Pn ('(x1), · · · ,'(xn)) '(x1) · · ·'(xn)
<latexit sha1_base64="M/rEq8spO14lfcMj98itMPeFfkY="></latexit>

Ensemble averages

conformal

 time

comoving 

coordinates

scale 

factor



2-point function
h'(x)i = '̄
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mean: (statistical homogeneity)

two point function: h'(x1)'(x2)i = '̄2
h
1 + ⇠(2)(x1,x2)

i

<latexit sha1_base64="JJP9MLwkN5p+Hw0GtYUIxwzIbVs="></latexit> 2-point correlation function:

deviation from a uncorrelated


random distribution

homogeneity isotropy

['(x) ⌘ '̄ (1 + �(x))]
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⇠(2)(x1,x2) = ⇠(2)(x1 � x2) = ⇠(2)(|x1 � x2|) = h�(x1)�(x2)i
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n-point functions

This defines the reduced or connected 2-point correlation function ⇠2(x1,x2). The n-point connected corre-
lation function ⇠(n) is recursively defined in such a way that h⇢(x1) . . . ⇢(xn)i is a sum of terms, where each
term is associated with a partition of the set of n points x1, . . . ,xn. For the first four orders for instance,
we have

h⇢(x1)⇢(x2)i = [h⇢i]2
h
1 + ⇠(2)(x1,x2)

i

h⇢(x1)⇢(x2)⇢(x3)i = [h⇢i]3
h
1 + ⇠(2)(x1,x2) + perm. + ⇠(3)(x1,x2,x3)

i

h⇢(x1)⇢(x2)⇢(x3)⇢(x4)i = [h⇢i]4
h
1 + ⇠(2)(x1,x2) + perm.

+ ⇠(3)(x1,x2,x3) + perm. + ⇠(2)(x1,x2)⇠
(2)(x3,x4) + perm.

+ ⇠(4)(x1,x2,x3,x4)
i

. (A.5)

The “perm.” indicate that the term immediately preceeding is repeated with all possible cyclic permutations
of the indices. In the case of a random field with zero mean, h�(x)i = 0 (which in this review denotes the
matter density contrast), the hierarchy of correlation functions reads

h�(x1)�(x2)i = ⇠(2)(x1,x2)

h�(x1)�(x2)�(x3)i = ⇠(3)(x1,x2,x3)

h�(x1)�(x2)�(x3)�(x4)i = ⇠(2)(x1,x2)⇠
(2)(x3,x4) + perm. + ⇠(4)(x1,x2,x3,x4) . (A.6)

We will also use the notation

h�(x1)�(x2) · · · �(xn)ic ⌘ ⇠(n)(x1,x2, · · · ,xn) . (A.7)

for the connected correlators.
The cosmological principle dictates that all expectation values and hence all correlation functions are

invariant under global translations xi ! xi + �x on a fixed time slice, which is also known as statistical
homogeneity. For the reduced 2-point correlation, this implies

⇠(2)(x1,x2) ⌘ ⇠(2)(x1 � x2) , (A.8)

so that it depends only on the separation between the two points. Similarly, in most cosmological scenarios,
expectation values are invariant under a global rotation of the coordinate statistical system x ! R(n̂) · x,
which is known as statistical isotropy. This implies that the 2-point correlation function depends only on
the magnitude |x1 � x2| of the separation vector,

⇠(2)(x1,x2) ⌘ ⇠(2)(|x1 � x2|) . (A.9)

This holds also if one cross-correlates di↵erent fields, and for higher n-point correlation functions, which
can only depend on xij ⌘ |xi � xj |. Note that projection e↵ects such as redshift-space distortions induce
a dependence on (xi � xj) · n̂ in the observed n-point functions as well (Sec. 9.3). While the cosmological
principle requires statistical homogeneity, the ergodic hypothesis is valid only if the n-point correlation
functions decay su�ciently rapidly to zero in the limit of large separations. This is indeed the case in the
standard ⇤CDM cosmology.

Note that these definitions can be extended to point processes, i.e. for distributions rather than continu-
ous fields (in which case the correlators h⇢(x1) . . . ⇢(xn)i are also called joint intensities), such as the peaks
discussed in Sec. 6, but there are some subtleties (such as shot noise corrections) owing to discreteness.

Appendix A.2 Fourier representation
In a statistically homogeneous Universe, it is convenient to represent random fields by their Fourier

components. In the following, we assume a field � with zero mean. Adopting the Fourier convention

�(k) =

Z
d3
x �(x) e�ik·x , �(x) =

Z
d3
k

(2⇡)3
�(k) eik·x ⌘

Z

k
�(k) eik·x , (A.10)
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Power Spectrum
�(k) =

Z
d3x eik·x �(x)
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�(x) =

Z
d3k

(2⇡)3
e�ik·x �(k) ⌘

Z

k
e�ik·x �(k)
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⇠(2)(r) =

Z

k
e�ik·r P (k) =

1

2⇡2

Z 1

0
dk k2P (k)j0(kr)
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j0(x) =

sin(x)

x

◆

<latexit sha1_base64="eIe2/8VZogJu5Fm9BfGDw6FHcrM=">AAACD3icbVC7SgNBFJ31GeNr1dJmMChJE3ajoI0QtLGMYB6QDWF2MpuMmZ1dZu5KwpI/sPFXbCwUsbW182+cPApNPHDhzDn3MvcePxZcg+N8W0vLK6tr65mN7ObW9s6uvbdf01GiKKvSSESq4RPNBJesChwEa8SKkdAXrO73r8d+/YEpzSN5B8OYtULSlTzglICR2vYJ9gQLIH/fdvKDwqUXKEJTT3NpXqN0MPIU7/ag0LZzTtGZAC8Sd0ZyaIZK2/7yOhFNQiaBCqJ103ViaKVEAaeCjbJeollMaJ90WdNQSUKmW+nknhE+NkoHB5EyJQFP1N8TKQm1Hoa+6QwJ9PS8Nxb/85oJBBetlMs4ASbp9KMgERgiPA4Hd7hiFMTQEEIVN7ti2iMmEjARZk0I7vzJi6RWKrqnxdLtWa58NYsjgw7REcojF52jMrpBFVRFFD2iZ/SK3qwn68V6tz6mrUvWbOYA/YH1+QPRZJvr</latexit>

�2
� = h�(x)2i = ⇠(2)(0) =

Z 1

0

dk

k
�2(k)

<latexit sha1_base64="y8TaubsvRfi2GF0IFo2KKKKooVs="></latexit>

variance

�2(k) ⌘ k3P (k)

2⇡2
<latexit sha1_base64="UtoX1A8WRHe7Doim6n8VBoDbPFE=">AAACFHicbVDJSgNBEO2JW4zbqEcvjUGICGFmIugxqAePEcwCmST0dGqSJj2L3T2BMOQjvPgrXjwo4tWDN//GznLQxAcFj/eqqKrnxZxJZVnfRmZldW19I7uZ29re2d0z9w9qMkoEhSqNeCQaHpHAWQhVxRSHRiyABB6Huje4nvj1IQjJovBejWJoBaQXMp9RorTUMc/cG+CKtJ3C4BS78JCwIXZ9QWg6aJdwRavj1MFuzNrOuGPmraI1BV4m9pzk0RyVjvnldiOaBBAqyomUTduKVSslQjHKYZxzEwkxoQPSg6amIQlAttLpU2N8opUu9iOhK1R4qv6eSEkg5SjwdGdAVF8uehPxP6+ZKP+ylbIwThSEdLbITzhWEZ4khLtMAFV8pAmhgulbMe0THYnSOeZ0CPbiy8uk5hTtUtG5O8+Xr+ZxZNEROkYFZKMLVEa3qIKqiKJH9Ixe0ZvxZLwY78bHrDVjzGcO0R8Ynz/sq5zc</latexit>

dimensionless Power Spectrum

h�(k)�(k0)i = (2⇡)3�D(k+ k0)P (k)
<latexit sha1_base64="gZ/I4PxlEbucgvuKaQWY/n9kOhk="></latexit>

homogeneity isotropy



Higher order correlators

h�(k1) · · · �(kn)i0 ⌘
h�(k1) · · · �(kn)i

(2⇡)3�D(k1 + · · ·+ kn)
<latexit sha1_base64="Y5BIgmFVTbtQEtgwP+urlcTibWY="></latexit>

h�(k1)�(k2)�(k3)i0 ⌘ B(k1, k2, k3)
<latexit sha1_base64="ui72zOaw2BiyLaR5tf9KjQBiciM="></latexit>

bispectrum

h�(k1)�(k2)�(k3)�(k4)i0c ⌘ T (k1,k2,k3,k4)
<latexit sha1_base64="OdeCa8tD/HzzE5qAhkDRK+v+YII="></latexit>

trispectrum

…



Configuration or Fourier 
space?

Real-space correlation function"

from statistical 
isotropy"

from statistical 
homogeneity"⇠(x1,x2) = h�(x1)�(x2)i

= ⇠(x1 � x2)

= ⇠(|x1 � x2|)
Power spectrum"

from statistical 
isotropy"

from statistical 
homogeneity"

�2(k) =
k3P (k)

2⇡2

Power spectrum often 
written in 
dimensionless form "

h�(k1)�(k2)i = (2⇡)3�D(k1 � k2)P (k1)

more intuitive (local in real space)


~insensitive to sky cuts


mix of linear and non linear scales


correlated errors

each (linear) scale evolves independently 


uncorrelated errors (for linear scales!)


~very sensitive to sky cuts


non-local in real space



Evolution of the Power Spectrum
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Inflation Decoupling

Linear,  Gaussian Linear,  Gaussian non-Linear,   
non-Gaussian

Today

primordial density perturbations fluid of photons-baryons-DM + … non-relativistic matter

z=O(1000) z=O(1)z >> 1010
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linear Power Spectrum in ΛCDM

Linear and non-linear scales



Steps
• Non-linear evolution of Cold Dark Matter (non-relativistic, pressureless); 
• IR corrections (resummation); 
• UV corrections (CGPT, EFToLSS); 
• From CDM to tracers (halos, galaxies, …); 
• From real to redshift space;



Equations of motion for 
 Cold Dark Matter

p = am ẋ
<latexit sha1_base64="THJTy3Jpgn652hmUAqQOkWUKc6o="></latexit>

ṗ = �amrx�
<latexit sha1_base64="+PzZjhwtV7EY8lSTjQaxYgm7mdo="></latexit>

r
2
x�(x, ⌧) =

3

2
H

2⌦m �(x, ⌧)
<latexit sha1_base64="CY1KNEJT1A2hotMYKpg2L32rmNk="></latexit>

H ⌘
ȧ

a
=

8⇡

3
G⇢tot

<latexit sha1_base64="+7czrB/8bicgKAByL9qFSZ/MT6c="></latexit>

non-relativistic particles interacting only through gravity

⇢m(x, ⌧) = ⇢̄ (1 + �(x, ⌧))
<latexit sha1_base64="gTNgO6SLsFZrskdsgoeSE4vjVeU="></latexit>

comoving 

density



Lagrangian vs Eulerian

displacement field density field

He et al, 1811.06533



Lagrangian viewpoint

x = q+  (q, ⌧)
<latexit sha1_base64="AE27RZFsQTvmb2cvy0yIgFLOjE4="></latexit>

displacement field

initial position of a given particle (or fluid element)

final position

q = x(⌧in)
<latexit sha1_base64="rnJ+MZIwiTOs7KutizWvfDzDq84="></latexit>

x = x(⌧)
<latexit sha1_base64="/74NMrcP93NKDPmu5ggcKqeGQf8="></latexit>

lagrangian position

eulerian position

p = am ẋ
<latexit sha1_base64="THJTy3Jpgn652hmUAqQOkWUKc6o="></latexit>

ṗ = �amrx�
<latexit sha1_base64="+PzZjhwtV7EY8lSTjQaxYgm7mdo="></latexit>

 ̈(q, ⌧) +H ̇(q, ⌧) = � rx�(x, ⌧)|x=q+ (q,⌧)
<latexit sha1_base64="uDzbOP0ryIQjTLTH0ztSPjN5/xs="></latexit>

force is “eulerian”displacement is “lagrangian”

equation for the displacement + Poisson

in general, nonlinear (in     ) and nonlocal (in lagrangian space) 
<latexit sha1_base64="VSsPDIklI+9Lq8WZMBWyNKf/Ids="></latexit>

1 + �(x, ⌧) =

Z
d3q �D(q +  (q, ⌧)� x) (�(q, ⌧in) ! 0)

<latexit sha1_base64="DKuvxpi3+lMshX+VhZtitYFgJ9s="></latexit>



Eulerian viewpoint
f(x,p, ⌧)

<latexit sha1_base64="NiLWq+FcOaLXklSCoUTXu0MnZvg="></latexit>

distribution function in phase space

1 + �(x, ⌧) =
1

⇢̄

Z
d3p f(x,p, ⌧)

<latexit sha1_base64="xR88aUnw0wu9rYwe9gNMh6iLNNU="></latexit>

nonlinear, local, but in phase space (6 dim): take moments (see later)

Vlasov equation + Poisson

d

d⌧
f(x,p, ⌧) =

✓
@

@⌧
+

pi

am

@

@xi
� am

@�(x, ⌧)

@xi

@

@pi

◆
f(x,p, ⌧) = 0

<latexit sha1_base64="sul5cDGhYYRwiwOiV8WN+SEd6QE="></latexit>



Lagrange-Euler equivalence

solves the Vlasov equation if      solves the Lagrangian equation 
<latexit sha1_base64="VSsPDIklI+9Lq8WZMBWyNKf/Ids="></latexit>

The distribution function

f(x,p, ⌧) = ⇢̄

Z
d3q �D (q+  (q, ⌧)� x) �D

⇣
p� am ̇(q, ⌧)

⌘

<latexit sha1_base64="AQOOHns7iUS4AwKYTdCjBGRioRU="></latexit>

notice:  (q, ⌧),  ̇(q, ⌧)
<latexit sha1_base64="ifL/6MBkNhychKWCAVnQoYO+iL4="></latexit>

f(x,p, ⌧)
<latexit sha1_base64="NiLWq+FcOaLXklSCoUTXu0MnZvg="></latexit>

but the opposite is in general, not possible

⌧in
<latexit sha1_base64="k+KE2HobytcbOQeGcQ4E8pDdPwc="></latexit>

⌧
<latexit sha1_base64="XvGGaOgKphRjIkMfvx8dmYUMyjg="></latexit>

q
<latexit sha1_base64="Gk7O+lfZpCKMCFq9COWjzw0DRLQ="></latexit>

q
<latexit sha1_base64="Gk7O+lfZpCKMCFq9COWjzw0DRLQ="></latexit>

x
<latexit sha1_base64="U081hwH3YxonK+N0zeHjhG/Xmq0="></latexit>

x
<latexit sha1_base64="U081hwH3YxonK+N0zeHjhG/Xmq0="></latexit>

 
<latexit sha1_base64="8miaUuaURhlcdTbdANZqR2E2aPA="></latexit>

 
<latexit sha1_base64="Hl9gsYhYPODdG4/Tv4w6es/uyp0="></latexit>

6=
<latexit sha1_base64="+jBRcdkK32UbqwbSqKFjCrlhQ50="></latexit>

Same final distribution obtained from different displacements



Symmetry: Extended galilean invariance  
(a.k.a. the equivalence principle)

 (q, ⌧) !  (q, ⌧) + d(⌧)
<latexit sha1_base64="TfrXv8IabuSBO9f62rNZGIx6mnA="></latexit>

 ̈(q, ⌧) +H ̇(q, ⌧) = � rx�(x, ⌧)|x=q+ (q,⌧)
<latexit sha1_base64="uDzbOP0ryIQjTLTH0ztSPjN5/xs="></latexit>

is invariant under the combined transformation

rx�(x, ⌧) ! rx�(x, ⌧)� d̈(⌧)�H ḋ(⌧)
<latexit sha1_base64="i0WI5H09/MOQORLlp4sYck2n9wQ="></latexit>

d(⌧)
<latexit sha1_base64="AxfjtWaVbghpJQVgJ87080s3GNM="></latexit>

with          uniform, but time dependent translation

correspondingly, the distribution function is transformed as 

f(x,p, ⌧) ! f̃(x,p, ⌧) = f(x� d(⌧),p� amḋ(⌧), ⌧)
<latexit sha1_base64="2xAjdmPvlzQcwA+2M0RhphkzNrQ="></latexit>

NOTE: THIS SYMMETRY IS EXACT (no approximation yet): 
consequences on the structure of exact correlators [consistency relations]



n, vi, �, �ij , . . .
R

f(x,p, ⌧) = ⇢̄

Z
d3q �D (q+  (q, ⌧)� x) �D

⇣
p� am ̇(q, ⌧)

⌘

<latexit sha1_base64="AQOOHns7iUS4AwKYTdCjBGRioRU="></latexit>

fR(x,p, ⌧) =

Z
d3yW

h y
R

i
fR(x� y,p, ⌧)

<latexit sha1_base64="TKdqXa9UvanrQBbbsixwUMMq4SA="></latexit>
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W

h y
R

i
=

1

(2⇡)3/2R3
e�

y2

2R2

◆

<latexit sha1_base64="vtwydFkmrijNLTMpIfu5v4gtaik="></latexit>

R

Study physics at scales  
L>>R



Coarse-grained Vlasov equation

am


h @�
@xi

@

@pi
fiR(x,p, ⌧)�

@�R(x, ⌧)

@xi

@

@pi
fR(x,p, ⌧)

�

<latexit sha1_base64="psJrDnOkNwEPSrH2uaQr66oIFoE="></latexit>

✓
@

@⌧
+

pi

am

@

@xi
� am

@�R(x, ⌧)
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@

@pi

◆
fR(x,p, ⌧) =

<latexit sha1_base64="iRCcAXuObj8G/DinbHDJYYng2Bs=">AAAI2XicrZXfbxtFEMfPLVBjfjSBR15OJEiJoJEdJNoHQAUqNUKNZEPiVMqm1tzd3nnl3fN6d8+1u7pKvCFe+VN47//BA/8Lc9774dgpqoCT7Jv7fGd292Zm9wLJmTbd7p+tW7ffevudO+13O++9/8GHd3d2PxrqaaZCeh5O+VQ9DUBTzlJ6bpjh9KlUFETA6UUw+aHQL+ZUaTZNz8xS0isBScpiFoJBNNp5RTiNzQGJFYSWSF </latexit>
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Z
d3y W

h y
R

i
g(x+ y)

◆

<latexit sha1_base64="UV+L8h8bCNRZjjjiyvLQ+uLaEig=">AAAIkXicrZVtb9s2EMfldFs9t1uT9eXeCEsGJNgW2CmwB2wYsq1AA6wB7CJxCoSucZIomTAp0STlWiXUL7X3+x4Dtu8yStSDYxtDsU2ArdPvf0dRd0fS45RI1e//0dm79977H9zvfth78PCjjx/tH3wylkkqfHztJzQRLz2QmJIYXyuiKH7JBQbmUXzjzX8p9JslFpIk8ZXKOJ4wiGISEh+UQdP9JaI4VMfR9MUx8lYnLsKLlC </latexit>

effect of the short scales



Moments 
density fluctuation

velocity

velocity dispersion

1 + �R(x, ⌧) =
1

⇢̄

Z
d3p fR(x,p, ⌧)

<latexit sha1_base64="x5ShOiJYk2EzTxa2CJFRyXJFJ74=">AAAIZHicrZXfb9s2EMfVdls8r9vSFXsaMBBLBqRYG1gpsPWh3YqtQDKgAewhcQqEqXGSKJkwKdEk5dol1H9pf8se9rCX9W1/xyhTPxzbGIptAmyRn++ddLo7koFgVOle748bN2+99/4HO50Pux/d/viTT3fvfDZUWS5Dch5mLJMvAlCE0ZSca6oZeSEkAR4wchFMfir1ixmRimbpmV4IcsUhSWlMQ9AWjXZ/9r/BEWEaRr8c4G </latexit>

(1 + �R(x, ⌧)) v
i
R(x, ⌧) =

1

⇢̄
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d3p

pi

am
fR(x,p, ⌧)
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…

take time-derivatives and use the coarse-grained Vlasov equation … 

(1 + �(x, ⌧))
⇣
viR(x, ⌧)v

j
R(x, ⌧) + �ij
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⌘
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fR(x,p, ⌧)

<latexit sha1_base64="szO6Z2Qj1N4zo0APGRv7bOLRd9I="></latexit>



(drop the time dependence)

continuity eq.

Euler eq.

J i
1(x) ⌘

1

1 + �(x)

�
h(1 + �)ri�iR(x)� (1 + �R)(x)ri�R(x)

�
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short-distance effects

To close the system, we must provide information on the short-distance effects

M.P., G. Mangano, N. Saviano, M. Viel, 1108.5203,  Carrasco, Hertzberg, Senatore,1206.2976 .... 
Buchert, Dominguez, ’05, Pueblas Scoccimarro, ’09, Baumann et al. ’10


