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Outline
- brief review of statistical field theory 
- the setup: Eulerian vs Lagrangian, equations of motion 
- structure formation in the LineLand (1+1 dimensions) 
- Standard Perturbation Theory 
- performance and problems of SPT (response functions) 
- IR effects: resummations and BAO’s 
- UV behavior: Effective approaches 
- From matter to biased tracers 
- Redshift space distortions 
- Putting all together (state of the art) 
- Beyond PT: consistency relations 
- Beyond PT: shell-crossing 
- [Beyond CDM: Axions and ALP’s] 
- [Beyond LCDM: neutrinos, PNG, non-standard growth and mode-coupling]
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Structure formation in the 
LineLand (1+1 dim)

xq1 q2 qn

•Force is independent on distance 
•Linear (Zel’dovich) approximation and PT valid up to shell-crossing 
•Clear isolation of shell-crossing effects

(Mc Quinn, White, 1502.07389; Taruya, Colombi, 1701.09088; Rampf, Frisch, 1705.08456;  
McDonald, Vlah, 1709.02834, Pajer, van der Woude, 1710.01736, MP  1804.09140, Rampf et al 
1912.00868…)



LAGRANGIAN TO EULERIAN MAPPING
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Figure 1. Various examples of correspondence between Lagrangian and Eulerian

space. a) shows a situation in which there is a single stream everywere in Eulerian

space. In b) there are three streams in x̄, corresponding to the three roots qi(x̄). In c),
x0

(q, ⌧) = 0 in q1: this is the border between case a) and b). Finally, in panel d), point

q1(x̄) corresponds to a point of first shell crossing x00
(q1(x̄), ⌧) = 0, x000

(q1(x̄), ⌧) > 0 .

In order to perform a concrete computation we will consider the case in which the

point x = q = 0 is a maximum of the initial density field,
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@
2
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x=0

< 0 . (9)

In this case, the initial displacement field has vanishing second derivative in q = 0 and

can be written as (see eq. (6)),

 (q, ⌧in) = �qAin +
q
3

q̄2
, (10)

where q̄ is a fixed length scale and, when Ain ⌧ 1, we can identify,

Ain = �(x = 0, ⌧in) ,
1

q̄2
= �

1

6
�
00(x = 0, ⌧in) . (11)

In the Zel’dovich approximation (see next section) the displacement field evolves as

 (q, ⌧) =
D(⌧)

D(⌧in)
 (q, ⌧in) = �A(⌧)q +

q
3

q̄2(⌧)
, (12)

where D(⌧) is the linear growth factor (D(⌧) = a(⌧) in the Einstein de Sitter cosmology)

and we have defined

A(⌧) =
D(⌧)

D(⌧in)
Ain = �L(x = 0, ⌧) ,

no velocity dispersion: single stream regime

1 + �(x, ⌧) =
1

1 +  0(q1(x), ⌧)

v(x, ⌧) =  ̇(q1(x), ⌧)

nonlinear relation  
between     and      �  

Case a): only one root in x (one stream)
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<latexit sha1_base64="PCyNTdWCuOZK0qIrUZEbif3ov5c="></latexit>

qi +  (qi, ⌧) = x
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( 0(q) ⌘ @q (q))
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In order to perform a concrete computation we will consider the case in which the

point x = q = 0 is a maximum of the initial density field,
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In this case, the initial displacement field has vanishing second derivative in q = 0 and

can be written as (see eq. (6)),

 (q, ⌧in) = �qAin +
q
3

q̄2
, (10)

where q̄ is a fixed length scale and, when Ain ⌧ 1, we can identify,

Ain = �(x = 0, ⌧in) ,
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In the Zel’dovich approximation (see next section) the displacement field evolves as

 (q, ⌧) =
D(⌧)

D(⌧in)
 (q, ⌧in) = �A(⌧)q +

q
3

q̄2(⌧)
, (12)

where D(⌧) is the linear growth factor (D(⌧) = a(⌧) in the Einstein de Sitter cosmology)

and we have defined

A(⌧) =
D(⌧)

D(⌧in)
Ain = �L(x = 0, ⌧) ,

• non-locality in lagrangian space 
• non-zero velocity dispersion: three streams 

1 + �(x, ⌧) =
1

1 +  0(q1(x), ⌧)
� 1
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+

1
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Case b): three roots in x (three streams)

(1 + �(x)) v(x) =
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velocity dispersion



Equation of motion
 ̈(q) +H ̇(q) = �@x�(x(q))
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(x(q) = q +  (q))
<latexit sha1_base64="hw7zXTyAoBbRMCpDifntR18RzsA=">AAACBHicbZDLSsNAFIYn9VbrLeqym2ARWoSSVEE3QtGNywr2Ak0ok+mkHTqZpDMnYilduPFV3LhQxK0P4c63cdpmoa0/DHz85xzOnN+POVNg299GZmV1bX0ju5nb2t7Z3TP3DxoqSiShdRLxSLZ8rChngtaBAaetWFIc+pw2/cH1tN68p1KxSNzBKKZeiHuCBYxg0FbHzLucBlB8KA5Ll8MTN1ZMkytZrw+ljlmwy/ZM1jI4KRRQqlrH/HK7EUlCKoBwrFTbsWPwxlgCI5xOcm6iaIzJAPdoW6PAIVXeeHbExDrWTtcKIqmfAGvm/p4Y41CpUejrzhBDXy3WpuZ/tXYCwYU3ZiJOgAoyXxQk3ILImiZidZmkBPhIAyaS6b9apI8lJqBzy+kQnMWTl6FRKTun5crtWaF6lcaRRXl0hIrIQeeoim5QDdURQY/oGb2iN+PJeDHejY95a8ZIZw7RHxmfPwJylww=</latexit>

EdS: ⌦m = 1
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In order to perform a concrete computation we will consider the case in which the

point x = q = 0 is a maximum of the initial density field,
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In this case, the initial displacement field has vanishing second derivative in q = 0 and

can be written as (see eq. (6)),

 (q, ⌧in) = �qAin +
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where q̄ is a fixed length scale and, when Ain ⌧ 1, we can identify,
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In the Zel’dovich approximation (see next section) the displacement field evolves as

 (q, ⌧) =
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where D(⌧) is the linear growth factor (D(⌧) = a(⌧) in the Einstein de Sitter cosmology)

and we have defined
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Single stream regime
only one root: q1(x(q)) = q
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Zel’dovich dynamics is exact in single stream regime (only in 1+1)

 Z(q, ⌧) = a(⌧) Z(q, ⌧0)
<latexit sha1_base64="26TdBNq0pIgh3n408HnMpqyzhcY=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARWpGSVEE3QtGNywr2gk0Ik+mkHTqZxJmJUELfwY2v4saFIm7duPNtnLZZ2NYDAx//fw5nzu/HjEplWT9Gbml5ZXUtv17Y2Nza3jF395oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8gfXY7/1SISkEb9Tw5i4IepxGlCMlJY889iJJfXuSw8njkJJGV5CVJrSjOFZZeiZRatiTQougp1BEWRV98xvpxvhJCRcYYak7NhWrNwUCUUxI6OCk0gSIzxAPdLRyFFIpJtObhrBI610YRAJ/biCE/XvRIpCKYehrztDpPpy3huL/3mdRAUXbkp5nCjC8XRRkDCoIjgOCHapIFixoQaEBdV/hbiPBMJKx1jQIdjzJy9Cs1qxTyvV27Ni7SqLIw8OwCEoARucgxq4AXXQABg8gRfwBt6NZ+PV+DA+p605I5vZBzNlfP0CRsib4Q==</latexit>

(a(⌧0) = 1)
<latexit sha1_base64="LPQHpSF+0aPLbrFh8fqDmRVPLDU=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EitJeSVEEvQtGLxwr2A5oQNttNu3SzCbsToYR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5QcKZAtv+Ngorq2vrG8XN0tb2zu6euX/QVnEqCW2RmMeyG2BFORO0BQw47SaS4ijgtBOMbqZ+54FKxWJxD+OEehEeCBYygkFLvnnkchpCBVdcwKlvV68cV7LBEKq+WbZr9gzWMnFyUkY5mr755fZjkkZUAOFYqZ5jJ+BlWAIjnE5KbqpogskID2hPU4Ejqrxs9sHEOtVK3wpjqUuANVN/T2Q4UmocBbozwjBUi95U/M/rpRBeehkTSQpUkPmiMOUWxNY0DqvPJCXAx5pgIpm+1SJDLDEBHVpJh+AsvrxM2vWac1ar352XG9d5HEV0jE5QBTnoAjXQLWqiFiLoET2jV/RmPBkvxrvxMW8tGPnMIfoD4/MHuGiVxg==</latexit>

solution (growing mode):

q=0 fixed (always possible by a time-dependent boost): �Z(0, ⌧) = �  0
Z(0, ⌧)

1 +  0
Z(0, ⌧)

<latexit sha1_base64="PIZ6UGE7jvybMJTpsvh18+MyhrE=">AAACJnicbVDJSgNBEO2JW4xb1KOXxiBG1DATBb0Egl48RjALyYShp9OTNOlZ6K4RwpCv8eKvePEQEfHmp9hZBE18UPB4r4qqem4kuALT/DRSS8srq2vp9czG5tb2TnZ3r6bCWFJWpaEIZcMligkesCpwEKwRSUZ8V7C6278d+/VHJhUPgwcYRKztk27APU4JaMnJluwOE0CcZt48s4HEJ7iEz21PEprYkeJO8/jHGCbW6bzkZHNmwZwALxJrRnJohoqTHdmdkMY+C4AKolTLMiNoJ0QCp4INM3asWERon3RZS9OA+Ey1k8mbQ3yklQ72QqkrADxRf08kxFdq4Lu60yfQU/PeWPzPa8XgXbcTHkQxsIBOF3mxwBDicWa4wyWjIAaaECq5vhXTHtEZgU42o0Ow5l9eJLViwbooFO8vc+WbWRxpdIAOUR5Z6AqV0R2qoCqi6Am9oBF6M56NV+Pd+Ji2pozZzD76A+PrGzNYoyc=</latexit>

Perturbation Theory expansion:  0
Z(0, ⌧) ⌘ ��lin(0, ⌧) = �a(⌧)�lin,0

<latexit sha1_base64="CHwMH5IZoDXhY0tu4IfGvb9H5yM="></latexit>

�SPT(0, ⌧) =
1X

n=1

a(⌧)n�nlin,0
<latexit sha1_base64="zYgO9zrYB9VpGttTi3iAvYYLa9w="></latexit>



Convergence of SPT

mathematically, it converges if |a(⌧)�lin,0| = |�lin(0, ⌧)| < 1
<latexit sha1_base64="YANlXZcFUqKExJKF2d8OAjAcaKo=">AAACLnicbVDLSgNBEJz1GeMr6tHLYBAiSNiNgh4UgiJ4jGBUyC5L72SiQ2YfzPQKYbNf5MVf0YOgIl79DCePg0YLBoqq7p7uChIpNNr2qzU1PTM7N19YKC4uLa+sltbWr3ScKsabLJaxuglAcyki3kSBkt8kikMYSH4ddE8H/vU9V1rE0SX2Eu6FcBuJjmCARvJLZ7QPFRch3aFum0sEP3NDwDsVZmZkvkvtvH/c/8/KK/busLF/5Pilsl21h6B/iTMmZTJGwy89u+2YpSGPkEnQuuXYCXoZKBRM8rzopponwLpwy1uGRhBy7WXDc3O6bZQ27cTKvAjpUP3ZkUGodS8MTOVgXz3pDcT/vFaKnUMvE1GSIo/Y6KNOKinGdJAdbQvFGcqeIcCUMLtSdgcKGJqEiyYEZ/Lkv+SqVnX2qrWL/XL9ZBxHgWySLVIhDjkgdXJOGqRJGHkgT+SNvFuP1ov1YX2OSqescc8G+QXr6xv6Aqkc</latexit>

the true answer is �true(0, ⌧) = �1 +
NstreamsX

i=1

1

|1 +  0(qi(0), ⌧)|
<latexit sha1_base64="w06uyUH3M8JOzrfoMbrj6xqgTz0="></latexit>

What happens when | 0
Z(0, ⌧)| = |a(⌧)�lin,0| = 1

<latexit sha1_base64="NUE/AChrw62l+KQDaM0XbdaaLf8="></latexit>

?

if also Nstreams = 1,
<latexit sha1_base64="sr7HD/h6mIL9ui47ZQP3z/9IFVI=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZSkCroRim5cSQX7gDaEyXTSDp08mJmIJeRX3LhQxK0/4s6/cdJmoa0HBg7n3sM9c7yYM6ks69sorayurW+UNytb2zu7e+Z+tSOjRBDaJhGPRM/DknIW0rZiitNeLCgOPE673uQmn3cfqZAsCh/UNKZOgEch8xnBSkuuWb1z04EIkFS5S2ZX9qlr1qy6NQNaJnZBalCg5Zpfg2FEkoCGinAsZd+2YuWkWChGOM0qg0TSGJMJHtG+piEOqHTSWfYMHWtliPxI6BcqNFN/O1KdSk4DT28GWI3l4iwX/5v1E+VfOikL40TRkMwP+QlHKkJ5EWjIBCWKTzXBRDCdFZExFpgoXVdFl2AvfnmZdBp1+6zeuD+vNa+LOspwCEdwAjZcQBNuoQVtIPAEz/AKb0ZmvBjvxsd8tWQUngP4A+PzB1lvk/w=</latexit>

�SPT(0, ⌧) ! �true(0, ⌧) = �Z(0, ⌧) = �  0
Z(0, ⌧)

1 +  0
Z(0, ⌧)

<latexit sha1_base64="bc7LM1Du/pF2wVJod85g/X3E0nE="></latexit>

?

SPT does not converge to the true answer  
if there is multi-streaming and for |a(⌧)�lin,0| � 1

<latexit sha1_base64="DD091XclhEDeCWlklXVgenTRjms=">AAACCnicbVA9SwNBEN3z2/h1ammzGoQIEu6ioKVoY6lgNJALYW4zSRb3PtidE8IltY1/xcZCEVt/gZ3/xk1ModEHA4/3ZnZnXpgqacjzPp2p6ZnZufmFxcLS8srqmru+cW2STAusikQluhaCQSVjrJIkhbVUI0Shwpvw9mzo39yhNjKJr6iXYiOCTizbUgBZqelu96EUEGR7QQsVQTMPdJTbxwb73qAfdJD7Tbfolb0R+F/ij0mRjXHRdD+CViKyCGMSCoyp+15KjRw0SaFwUAgygymIW+hg3dIYIjSNfHTKgO9apcXbibYVEx+pPydyiIzpRaHtjIC6ZtIbiv959Yzax41cxmlGGIvvj9qZ4pTwYS68JTUKUj1LQGhpd+WiCxoE2fQKNgR/8uS/5LpS9g/KlcvD4snpOI4FtsV2WIn57IidsHN2wapMsHv2yJ7Zi/PgPDmvztt365Qzntlkv+C8fwHMnZpR</latexit>

�SPT(0, ⌧) =
1X

n=1

a(⌧)n�nlin,0 ! a(⌧)�lin,0
1� a(⌧)�lin,0

<latexit sha1_base64="P6445hHr2IiuG5H9ypqK+puYyB0="></latexit>



Shell-crossing

q

x

q

x

dx

dq
= 1 +  0(q(x)) > 0

<latexit sha1_base64="jWSLIcZWLtnIDsaM87RalGhvWhY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VsEUpSBd0oRTcuK9gHNKFMJpN26OTRmYm0hGzd+CtuXCji1j9w5984bbPQ1gP3cjjnXmbucSJGhTSMby23tLyyupZfL2xsbm3v6Lt7TRHGHJMGDlnI2w4ShNGANCSVjLQjTpDvMNJyBjcTv/VAuKBhcC/HEbF91AuoRzGSSurq0PI4wokLR6lqwxRemidWJOhxaVgalctXRlcvGhVjCrhIzIwUQYZ6V/+y3BDHPgkkZkiIjmlE0k4QlxQzkhasWJAI4QHqkY6iAfKJsJPpJSk8UooLvZCrCiScqr83EuQLMfYdNekj2Rfz3kT8z+vE0ruwExpEsSQBnj3kxQzKEE5igS7lBEs2VgRhTtVfIe4jFY1U4RVUCOb8yYukWa2Yp5Xq3Vmxdp3FkQcH4BCUgAnOQQ3cgjpoAAwewTN4BW/ak/aivWsfs9Gclu3sgz/QPn8AiRGYSQ==</latexit>

dx

dq
= 1 +  0(q(x)) = 0

<latexit sha1_base64="QkeIrv18rYQmH9ImONpywJCkmOU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VsEUpSBd0Uim5cVrAPaEKZTCbt0MmjMxNpCdm68VfcuFDErX/gzr9x2mahrQfu5XDOvczc40SMCmkY31puZXVtfSO/Wdja3tnd0/cPWiKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtDG+mfvuBcEHD4F5OImL7qB9Qj2IkldTToeVxhBMXjlPVRimsmWdWJOhpaVQal8s1o6cXjYoxA1wmZkaKIEOjp39ZbohjnwQSMyRE1zQiaSeIS4oZSQtWLEiE8BD1SVfRAPlE2MnskhSeKMWFXshVBRLO1N8bCfKFmPiOmvSRHIhFbyr+53Vj6V3ZCQ2iWJIAzx/yYgZlCKexQJdygiWbKIIwp+qvEA+Qikaq8AoqBHPx5GXSqlbM80r17qJYv87iyIMjcAxKwASXoA5uQQM0AQaP4Bm8gjftSXvR3rWP+WhOy3YOwR9onz+HjJhI</latexit>

• the mapping becomes singular and the distribution function diverges 
• the perturbative expansion does not converge any more  
• after shell-crossing,  non-locality in lagrangian space

� 0
Z(0, ⌧) = a(⌧)�lin,0 = 1

<latexit sha1_base64="Db8Hoo0ZvwcAmUvpVEjY4+iMuuI=">AAACF3icbVDLSgMxFM34tr6qLt0Ei1ihlhkVdCMU3bisYGuxU4Y7aWqDmQfJHaEM8xdu/BU3LhRxqzv/xrTOQlsPhBzOufcm9/ixFBpt+8uamp6ZnZtfWCwsLa+srhXXN5o6ShTjDRbJSLV80FyKkDdQoOStWHEIfMmv/bvzoX99z5UWUXiFg5h3ArgNRU8wQCN5xeq+G2ux692U7YqLkOydQnl0U7fLJYKXuipIzfSsYmenjlcs2VV7BDpJnJyUSI66V/x0uxFLAh4ik6B127Fj7KSgUDDJs4KbaB4Du4Nb3jY0hIDrTjraK6M7RunSXqTMCZGO1N8dKQRaDwLfVAaAfT3uDcX/vHaCvZNOKsI4QR6yn4d6iaQY0WFItCsUZygHhgBTwvyVsj4oYGiiLJgQnPGVJ0nzoOocVg8uj0q1szyOBbJFtkmZOOSY1MgFqZMGYeSBPJEX8mo9Ws/Wm/X+Uzpl5T2b5A+sj29enZ41</latexit>



Voids

q

x

q

x

• the linear density contrast becomes unphisical  
• but the true density contrast is still meaningful   
• the PT expansion can be analytically continued as

� 0
Z(0, ⌧) = a(⌧)�lin,0 = �1
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0 <
dx

dq
= 1 +  0(q(x)) < 2
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dx

dq
= 1 +  0(q(x)) = 2
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(�true = �1

2
)
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Exact dynamics
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At this point, one realises that, considering an arbitrary (odd) number of roots of eq. (2.4),
Ns(x, ⌧), gives

lim
L!1

Z L/2

�L/2
dq (⇥ (x � q � (q, ⌧)) �⇥ (x � q)) = �

Ns(x,⌧)X

i=1

(�1)i+1 (qi(x, ⌧), ⌧) ,

(Ns(x, ⌧) streams in x). (3.7)

The exact equation of motion (3.1) therefore can be also written as,

 ̈(q, ⌧) + H  ̇(q, ⌧) =
3

2
H

2

Ns(x(q,⌧),⌧)X

i=1

(�1)i+1 (qi, ⌧) , (3.8)

where, for each q, the roots qi are the solutions of

qi + (qi, ⌧) = q + (q, ⌧) = x(q, ⌧) .

One of the qi(x) roots is clearly coincides with q. Each root contributes to the r.h.s. with a
sign given by the sign of 1 + 0(qi, ⌧) = x

0(q, ⌧).
In the case in which at point x there is no shell-crossing, Ns(x(q, ⌧), ⌧) = 1, the only root

is q itself, and eq. (3.8) reduces to the equation of motion in the Zel’dovich approximation

 ̈Z(q, ⌧) + H  ̇Z(q, ⌧) =
3

2
H

2 Z(q, ⌧) , (3.9)

which is then exact in absence of multistreaming. When multistreaming is present, the
Zel’dovich approximation is unable to reproduce the backreaction on the force term, and it
departs from the exact dynamics, see next section, and in particular figures 6 and 10.

The exact equation of motion, eq. (3.8), is manifestly not problematic at shell-crossing.
At fixed x, shell crossing occurs when two new real roots of (2.4), qj(x, ⌧) and qj+1(x, ⌧),
appear. Since at the time of shell crossing, ⌧x, one has qj(x, ⌧x) = qj+1(x, ⌧x), the contribution
of the new couple to the r.h.s. of (3.8) vanishes for ⌧  ⌧x and is continuous in ⌧x as
lim⌧!⌧+x

(qj(x, ⌧) � qj+1(x, ⌧)) = 0.
On the other hand, it is clear from eq. (3.8) that the force term is nonlocal in Lagrangian

space after shell-crossing, and any attempt based on the expansion of it in terms of the
Zel’dovich displacement field evaluated in q, appears unjustified.

“Naive” PT expansion schemes, both in Eulerian and in Lagrangian space, are therefore
doomed to failure due to multistreaming.

4 Numerical solution

Using as “time” variable the logarithm of the scale factor,

⌘ = log
a

a0
= � log(1 + z) , (4.1)

the equation of motion (3.8) can be written as the system

@⌘ (q, ⌘) = �(q, ⌘) ,

@⌘�(q, ⌘) = �
1

2
�(q, ⌘) +

3

2

Ns(x,⌘)X

i=1

(�1)i+1 (qi(x, ⌘), ⌘) . (4.2)
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Figure 3. Gaussian initial condition for the density contrast with and without feature (left). The
corresponding initial displacement field (right).

The initial condition is given at an early redshift in which we assume the linear theory growing
mode, namely

 (q, ⌘in) = �(q, ⌘in) =
v(q, ⌘in)

H(⌘in)
, (4.3)

where v is the peculiar velocity. The solution of the above system of equations can then be
computed by a straightforward algorithm, which requires just a few lines of code. At each
time-step, for each x we identify the subset of Lagrangian points {qi(x, ⌘)}, containing all the
real roots of the equation x�q� (q, ⌘) = 0. Then, for each q, we compute the corresponding
x = q + (q, ⌘), and then the increment of  (q, ⌘), and �(q, ⌘), which involves, through the
sum in (4.2), the previously identified subset {qi(x, ⌘)} (which, of course, includes also q).

In order to familiarise with the solution, and to follow the example of [12], where with
similar tests were performed with the particle-mesh code presented in that paper, one can
apply the algorithm to some simple initial conditions. The first one is a single initial gaussian
overdensity, see the red curve in figure 3,

�(q, ⌘in) =
A

p

2⇡�2
e
� q2

2�2 + C , (4.4)

on a periodic segment bounded by �
L
2

< q 
L
2
. The constant C is tuned so that the

integral of the overdensity on the full q range vanishes. Later we will also consider a modified
initial condition, in which we added a gaussian feature on top of (4.4), by multiplying it by
1 + B exp(�(q � q0)2/�

2
1
), see the blue line in figure 3.

Using again linear theory, we find that the initial condition for  (q, ⌘in) is obtained by
integrating (4.4),

 (q, ⌘in) = �

Z q

�L/2
dq

0
�(q0, ⌘in) . (4.5)

We set A = 0.2, � = 0.12, L = 1, zin = 99 and integrate the equations on a grid with
1200 points and in 100 logarithmic steps in time. We show in figure 4 the results of the
integration in phase space, namely, in the (x, �) plane. The first shell-crossing occurs at
about a = 0.154 in x = 0 and the second one at a = 0.24. Before first shell-crossing, the full
solution coincides with the Zel’dovich one everywhere, but the two rapidly diverge afterwards.
Around the position x = 0 we count 3, 9, and 13 streams, respectively, in the snapshots
taken at a = 0.18, 0.63, and 1. Notice that, even when high order multistreaming occurs, the
Zel’dovich solution is recovered very fast for x’s outside the multistreaming region. So, while
multistreaming is very non-local in Lagrangian space, it is a local e↵ect in Eulerian space, (see
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initial conditions on the 
linear growing mode:

Algorithm: 

1) For each x, find the set of all q’s such that 

2) Compute the force in x, valid for all q’s in the corresponding set; 

3) Increment              and             

4) Go to 1)

�(q, ⌘)
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Figure 3. Gaussian initial condition for the density contrast with and without feature (left). The
corresponding initial displacement field (right).

The initial condition is given at an early redshift in which we assume the linear theory growing
mode, namely

 (q, ⌘in) = �(q, ⌘in) =
v(q, ⌘in)

H(⌘in)
, (4.3)

where v is the peculiar velocity. The solution of the above system of equations can then be
computed by a straightforward algorithm, which requires just a few lines of code. At each
time-step, for each x we identify the subset of Lagrangian points {qi(x, ⌘)}, containing all the
real roots of the equation x�q� (q, ⌘) = 0. Then, for each q, we compute the corresponding
x = q + (q, ⌘), and then the increment of  (q, ⌘), and �(q, ⌘), which involves, through the
sum in (4.2), the previously identified subset {qi(x, ⌘)} (which, of course, includes also q).

In order to familiarise with the solution, and to follow the example of [12], where with
similar tests were performed with the particle-mesh code presented in that paper, one can
apply the algorithm to some simple initial conditions. The first one is a single initial gaussian
overdensity, see the red curve in figure 3,

�(q, ⌘in) =
A

p

2⇡�2
e
� q2

2�2 + C , (4.4)

on a periodic segment bounded by �
L
2

< q 
L
2
. The constant C is tuned so that the

integral of the overdensity on the full q range vanishes. Later we will also consider a modified
initial condition, in which we added a gaussian feature on top of (4.4), by multiplying it by
1 + B exp(�(q � q0)2/�

2
1
), see the blue line in figure 3.

Using again linear theory, we find that the initial condition for  (q, ⌘in) is obtained by
integrating (4.4),

 (q, ⌘in) = �

Z q

�L/2
dq

0
�(q0, ⌘in) . (4.5)

We set A = 0.2, � = 0.12, L = 1, zin = 99 and integrate the equations on a grid with
1200 points and in 100 logarithmic steps in time. We show in figure 4 the results of the
integration in phase space, namely, in the (x, �) plane. The first shell-crossing occurs at
about a = 0.154 in x = 0 and the second one at a = 0.24. Before first shell-crossing, the full
solution coincides with the Zel’dovich one everywhere, but the two rapidly diverge afterwards.
Around the position x = 0 we count 3, 9, and 13 streams, respectively, in the snapshots
taken at a = 0.18, 0.63, and 1. Notice that, even when high order multistreaming occurs, the
Zel’dovich solution is recovered very fast for x’s outside the multistreaming region. So, while
multistreaming is very non-local in Lagrangian space, it is a local e↵ect in Eulerian space, (see
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Figure 5. The mapping between Lagrangian and Eulerian space evolved from the initial conditions
of eq. (4.4) without (red) and with (blue) the feature shown in figure 3. Continuous lines are obtained
with the exact dynamics, dashed ones with the Zel’dovich one.

right hand side coincides with the full force term, however as soon as shell-crossing happens,
O(1) deviations take place. They are to be expected: after crossing each other, the mutual
attraction between two particles changes sign, whereas in the Zel’dovich approximation they
proceed along their ballistic paths. While the amplitude of the Zel’dovich “force” grows in
time as  (q, ⌧), namely, proportionally to the linear growth factor, the amplitude of the full
force stays approximately constant.

These results clearly show that expanding around the Zel’dovich solution is not a good
option to explore the post shell-crossing regime, apart for, possibly, a very short time after
the first shell-crossing, along the lines explored recently in [12, 13].

5 Post shell-crossing attractor

The relation between the Lagrangian and Eulerian positions is shown in figure 5. While
before shell-crossing the Zel’dovich mapping is exact, soon after the first shell crossing the
exact mapping deviates sensibly from the Zel’dovich one. As time passes, it flattens out over
the whole shell-crossing region.

This behavior does not depend on the particular initial condition, but is a generic
attractor feature of the equations of motion, as we now show.

The equations of motion (4.2) can be written in terms of x(q, ⌘) = q + (q, ⌘) as

@
2

⌘x(q, ⌘) +
1

2
@⌘x(q, ⌘) = �

3

2

Z
dr [⇥(x(q, ⌘) � r � (r, ⌘)) �⇥(x(q, ⌘) � r)] , (5.1)
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Figure 4. Phase space at di↵erent epochs obtained from the initial conditions of eq. (4.4). Continuous
red lines are obtained with the exact dynamics, black dashed ones with the Zel’dovich one.

also figure 5), where it manifests itself by the emergence of higher moments of the distribution
function. Moreover, the Zel’dovich approximation greatly overestimates the extension of the
multistreaming region in Eulerian space (compare the solid and the dashed lines both in
figure 4 and 5) and it fails in giving the number of streams after second shell-crossing.

To better visualize the origin of the failure of the Zel’dovich approximation, in figure 6 we
plot the force, namely the right hand side of eq. (3.8), and compare it to the right hand side of
the Zel’dovich equation of motion, eq. (3.9). Before shell-crossing, as expected, the Zel’dovich
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Figure 6. The exact force term, r.h.s. of eq. (3.8) (continuous red lines) compared to the r.h.s. of
the Zel’dovich equations of motion, eq. (3.9) (dashed black lines).

taking the first derivative with respect to q, we get the equation for

x
0(q, ⌘) = 1 + 0(q, ⌘) , (5.2)

@
2

⌘x
0(q, ⌘) +

1

2
@⌘x

0(q, ⌘) = �
3

2
x
0(q, ⌘)

Z
dr [�(x(q, ⌘) � r � (r, ⌘)) � �(x(q, ⌘) � r)] ,

= �
3

2
x
0(q, ⌘)

0

@
Ns(x(q))X

i=1

1

|x0(qi, ⌘)|
� 1

1

A , (5.3)

where the summation is made over all the roots in x(q, ⌘). In absence of shell-crossing,
Ns(x(q)) = 1, the r.h.s. gives

�
3

2

�
1 � x

0(q, ⌘)
�

=
3

2
 0(q, ⌘) , (5.4)

which, using (5.2), coincides with the equation of motion for the first derivative of the dis-
placement field in the Zel’dovich approximation, see eq. (3.9). Now, assume that first shell-
crossing takes place in qsc at ⌘sc, that is, x

0(qsc, ⌘sc) = 0. The r.h.s. of eq. (5.3) is negative
for ⌘  ⌘sc. Soon after shell-crossing, the term inside parenthesis at the r.h.s. of (5.3) gives

✓
1

|x0(q1, ⌘
+
sc)|

+
1

|x0(q3, ⌘
+
sc)|

+
1

|x0(qsc, ⌘
+
sc)|

� 1

◆
> 0 , (5.5)

where q1 and q3 are the two new roots. The term inside parentheses is positive, as
|x

0(qsc, ⌘)| ⌧ 1 close to shell-crossing. As a consequence, x
0(qsc, ⌘), which is negative soon

after shell-crossing, starts to increase, as the r.h.s. of eq. (5.3) is globally positive. As it
crosses zero again, two new streams are generated, whose contribution to the parentheses
at the r.h.s. is still positive, and therefore the latter is now globally negative. As a result,
x
0(qsc, ⌘) oscillates around zero with decreasing amplitude, and is driven asymptotically to
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q q

first shell crossing

Zel’dovich fails at O(1) soon after the first shell-crossing!
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Figure 8. Initial condition with two gaussians without (red) and with (blue) features.

The flattening inside the shell-crossing region is evident also in this case, see figure 11,
and the main di↵erence induced by the features is, again, a shift in the position of the plateau.
In order to compute this shift, we apply eq. (5.8) to the Zel’dovich solution at the time at
which the featureless initial conditions evolve to shell-crossing at q = 0, namely at a = 0.34,
and compare it with the Zel’dovich solution with features at the same redshift. In this way,
the information on the shift of the center of mass induced by the features is preserved, and
the latter is given by the di↵erence between the horizontal dotted lines in the lower-left plot
in figure 11. Had we computed the shift from the Zel’dovich solution at z = 0 we would
have got it wrong, as the multiple streams predicted by this approximation are completely
irrealistic and cannot account for the true position of the center of mass of the shock.

On the right we show that this e↵ect accounts for the shift between the exact solutions
at a = 1. The same is shown in phase space in figure 12, where, again, we see that the direct
deformation induced by the features on the phase-space curves is getting swallowed by the
multistreaming spirals.

6 Attractors in a cosmological setting

Finally, we describe what would be a cosmological simulation if the world were 1+1 dimen-
sional. We will consider a power spectrum P1D(k) related to the 3D one by

P1D(k) =
k
2

2⇡
P3D(k) , (6.1)

where the linear 3D PS has been obtained by the Class Boltzmann code [21]. The relation
above results in the same variance in the density per interval in k as in 3D CDM, as well as the
same linear-order parallel RMS displacement [11]. We choose ns = 0.966, ⌦bh

2 = 0.02269,
⌦mh

2 = 0.134, h = 0.703, and scalar amplitude As = 2.42 · 10�9. The linear PS is scaled
back at z = 99 using the growth factor computed from the above cosmological parameters,
and then used to give the gaussian initial conditions in Fourier space

 (q, ⌘in) = �(q, ⌘in) =
1

L

NpX

m=1

cm cos (q pm + �m) , (6.2)

with pm = 2⇡ mL
�1. The cm’s are taken from a Rayleigh distribution with

�m =

s
LP1D(pm)

2p2m
, (6.3)
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Figure 9. Phase-space snapshots of the evolution of the initial conditions of figure 8 without features,
in the exact dynamics (continuous red) and in Zel’dovich approximation (dashed black).

Figure 10. The evolution of the exact force (continuous red) and the Zel’dovich one (dashed black)
for the initial conditions figure 8 without features.

where the 1/p
2
m factor comes from the relation (4.5), which in Fourier space reads,

 ̃(pm, ⌘in) = i
�̃(pm, ⌘in)

pm
. (6.4)

The phases �m are extracted randomly from the [0, 2⇡) interval.
We perform a run on a one-dimensional line of L = 1Gpc h�1, sampled in 4000 points.

We run from ain = 1/100 to a = 1 in 100 logarithmic steps. The evolution forward in time
assumes an Einstein de Sitter cosmology.
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�(q, ⌘in)
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 (q, ⌘in)
<latexit sha1_base64="ETcJ3WYEB5yCF3mLYqYboFcaiyM=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpSkCnosevFYwX5AE8Jmu2mXbjZxd6KU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnCmz72yisrK6tbxQ3S1vbO7t7Znm/reJUEtoiMY9lN8CKciZoCxhw2k0kxVHAaScYXU/9zgOVisXiDsYJ9SI8ECxkBIOWfLPsJopV709dCtjPmJic+GbFrtkzWMvEyUkF5Wj65pfbj0kaUQGEY6V6jp2Al2EJjHA6KbmpogkmIzygPU0FjqjystnpE+tYK30rjKUuAdZM/T2R4UipcRTozgjDUC16U/E/r5dCeOnph5IUqCDzRWHKLYitaQ5Wn0lKgI81wUQyfatFhlhiAjqtkg7BWXx5mbTrNeesVr89rzSu8jiK6BAdoSpy0AVqoBvURC1E0CN6Rq/ozXgyXox342PeWjDymQP0B8bnD8x5k7M=</latexit>

Phase space
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Figure 10. The evolution of the exact force (continuous red) and the Zel’dovich one

(dashed black) for the initial conditions Fig. 8 without features.

Figure 11. Lagrangian to Eulerian space mapping for the initial conditions of Fig. 8

without (red) and with features (blue). Solid lines are for the exact dynamics and

dashed ones for Zel’dovich. In the lower left panel we also show the e↵ect of shifting

the blue line by the center of mass deviation induced by the features, evaluated in the

Zel’dovich solution before second shell-crossing.

relation above results in the same variance in the density per interval in k as in 3D CDM,

as well as the same linear-order parallel RMS displacement [11]. We choose ns = 0.966,

⌦bh
2 = 0.02269, ⌦mh

2 = 0.134, h = 0.703, and scalar amplitude As = 2.42 · 10�9. The

linear PS is scaled back at z = 99 using the growth factor computed from the above

cosmological parameters, and then used to give the gaussian initial conditions in Fourier

space

 (q, ⌘in) = �(q, ⌘in) =
1

L

NpX

m=1

cm cos (q pm + �m) , (60)
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Figure 13. Lagrangian to Eulerian mapping for a portion of our cosmological

simulation. The purple line is the initial condition, the orange one the Zel’dovich

solution, and the blue line is obtained from the exact dynamics.

express them in manageable analytical terms in 3+1 dimensions is still to be proved.

A generic result is that post shell-crossing e↵ects cannot be expressed as power laws

in the PT expansion parameter which is, ultimately, proportional to the linear growth

factor. Therefore, one cannot expect power law dependence on the linear growth factor

of fully nonperturbative quantities, such as the UV sources of coarse grained PT [3, 4],

or the counterterms of the e↵ective field theory of the large scale structure [9]. Indeed,

as shown in [4] the time dependence of these source terms appears to be much steeper

than predicted in PT and cannot be expressed as a power law. It would be of great

interest to see if it can be expressed by nonperturbative terms such as ⇠ exp(�↵/D
2)

which become sizable only at low redshifts.

The other generic feature is, probably, the existence of attractors in the

multistreaming regime. A complete characterization of these should be obtained in

phase space, also for the 1+1 case. In this connection, our examples of modifications

of the initial conditions adding some “features” shows that, es expected, most of the

information gets practically lost as the attractor is approached. The language of the

renormalization group could be fruitfully employed to tell apart the ‘relevant’ content of
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Figure 13. Lagrangian to Eulerian mapping for a portion of our cosmological

simulation. The purple line is the initial condition, the orange one the Zel’dovich

solution, and the blue line is obtained from the exact dynamics.

express them in manageable analytical terms in 3+1 dimensions is still to be proved.

A generic result is that post shell-crossing e↵ects cannot be expressed as power laws

in the PT expansion parameter which is, ultimately, proportional to the linear growth

factor. Therefore, one cannot expect power law dependence on the linear growth factor

of fully nonperturbative quantities, such as the UV sources of coarse grained PT [3, 4],

or the counterterms of the e↵ective field theory of the large scale structure [9]. Indeed,

as shown in [4] the time dependence of these source terms appears to be much steeper

than predicted in PT and cannot be expressed as a power law. It would be of great

interest to see if it can be expressed by nonperturbative terms such as ⇠ exp(�↵/D
2)

which become sizable only at low redshifts.

The other generic feature is, probably, the existence of attractors in the

multistreaming regime. A complete characterization of these should be obtained in

phase space, also for the 1+1 case. In this connection, our examples of modifications

of the initial conditions adding some “features” shows that, es expected, most of the

information gets practically lost as the attractor is approached. The language of the

renormalization group could be fruitfully employed to tell apart the ‘relevant’ content of

x

q q q

from a Rayleigh distribution with c0ms
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Figure 12. Phase space solution for the initial condition of Fig. 8 without (red) and

with (blue) the added feature. At a = 1 we also show the e↵ect of shifting the blue

curve by the deviation of the center of mass position induced by the feature, obtained

according to Eq. (57) from the Zel’dovich solution before second shell-crossing (dash-

dotted blue).

with pm = 2⇡mL
�1. The cm’s are taken from a Rayleigh distribution with

�m =

s
LP1D(pm)

2p2m
, (61)

where the 1/p2m factor comes from the relation (49), which in Fourier space reads,

 ̃(pm, ⌘in) = i
�̃(pm, ⌘in)

pm
. (62)

The phases �m are extracted randomly from the [0, 2⇡) interval.

We perform a run on a one-dimensional line of L = 1Gpc h�1, sampled in 4000

points. We run from ain = 1/100 to a = 1 in 100 logarithmic steps. The evolution

forward in time assumes an Einstein de Sitter cosmology.

In Fig. 13 we show our results on the Lagrangian to Eulerian mapping zooming

on a portion of space of 100Mpc h�1. We confirm the general trend observed for

simple initial conditions in the previous sections: the Zel’dovich approximation is able

to roughly identify the regions undergoing multistreaming in Lagrangian space, but

greatly overestimates their extension in Eulerian space. The failure of the Zel’dovich

approximation after shell-crossing is even more evident in phase space, see Fig. 14.

Following the discussion of the previous section, we now investigate to what extent

the attractor behavior can describe the displacement field at late times. First, we

implement a simple algorithm to “flatten out” the Lagrangian to Eulerian mapping

inside multistreaming regions, in order to reproduce the asymptotic state. To do so,

we consider the Zel’dovich approximation at a = 1 and find the points x̄’s such that

eq. (57) is fullfilled. This procedure has a number of shortcomings, which should be

addressed in order to improve it. First of all, as we discussed in the two-gaussians case,

in order to properly evaluate x̄, the Zel’dovich approximation should be used in each

region only between the first and the second shell-crossing, as, after that, it becomes

random phases
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Figure 14. Phase space for a portion of our cosmological simulation. The the orange

line is the Zel’dovich solution, and the blue line is obtained from the exact dynamics.

Figure 15. Again, Lagrangian to Eulerian mapping for a portion of our cosmological

simulation. We also show the result of the “flattening” algorithm discussed in the text

(red line), constracted from the Zel’dovich approximation at z = 0.
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Figure 14. Phase space for a portion of our cosmological simulation. The the orange

line is the Zel’dovich solution, and the blue line is obtained from the exact dynamics.

Figure 15. Again, Lagrangian to Eulerian mapping for a portion of our cosmological

simulation. We also show the result of the “flattening” algorithm discussed in the text

(red line), constracted from the Zel’dovich approximation at z = 0.

Zel’dovich overestimates the extension 
 of the multistreaming regions



Lessons from the LineLand

1) The perturbative expansion fails in voids and in shell-crossing 
(multistreaming) regions; 

2) In voids, the perturbative series can be analytically continued 
to the exact solution, in multistreaming regions this is not 
possible; 

3) The dynamics after shell-crossing becomes nonlocal in 
lagrangian space; 

4) Any extension of the Zel’dovich approximation beyond shell-
crossing is meaningless: the force gets O(1) corrections.


