Aloxander von Neural Boltzmann Equations AR
J. Spinner’, J. D. Shergold? ‘ ' Durham

" ,, HUMBOLDT
f

STI FTUNG TInstitute for Particle Physics Phenomenology, Durham University, United Kingdom UniVCrSity

2Department of Mathematical Sciences, University of Liverpool, United Kingdom

Neural Boltzmann
Equations

*Factorise f(y) into normalisation 1 and normalised shape p(y)
2
), n=/dy4ZQEf(y), /dw(y):l

*Density p(y) as gamma mixture in the kinetic energy ¢
M

*Ensure f < 1 for fermions with an unconstrained f; as f = fy/(1 + fo)
* Predict parameters @ with NN conditioned on theory &

Neural distribution functions

4m’E
v

fy) =

A

p(y) = Ey_TZ Wiy y(s)am,/\m) , ylela,A) = )
m=1

@ = {U/(wm/ A, Am)%ﬂ} = NN(¢&; 0)

(Ae)*tee, &=

T —m

T

0.6 boson, m/T =0
S — boson, m/T =1
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Collision operator

*MC integral over all other particles
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= [1aflosm-oom 5 Tammng, Y/
bekow  beki, ~ NBE, G = 0.45%
. ~27 § NBE+MadNIS, G = 0.27% N=10°
*MadSpace [2] mappings, f(y) -
sampling, MadNIS flow refinement £ 13 ¥
*NBE 1000x more sample efficient < 104 otien
than BEST baseline [3] § 107 [Pt |
107! 10° 10!
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Algorithm 1 Phase space generation for a process with 7 ingoing and n — m outgoing particles.

Require: observed momentum y, condition &, masses my, ..., my, proposal densities pa, ..., pm

10 41— iz > observed leg, pinned to a fixed axis £
20y~ (-] &), Qp~USH fork =2,..., m > sample initial legs
32 g ~ U ([0, 1701

4: if neural importance sampling then R .

5 i, Jone & ToUnitCube(ya, .- -, Y, Qa, - ., O, thons)

6

7

8

9

1, Jaow < Flow(u | y1, &) > MadNIS refinement
W2 Ym Q2o o, Oy o), Jatee < ToUnitCube™ (1)
else

Jenes Jaows Jaee < 1
10: gk — yiyfork =2,...,m > build initial state
112 V5 — [(Skem ED? = | Suam 7al?]) 7 with Ex = (42 + m2)12
120 Gusts - s Yns Jps < MadSpace(tious; VS, Mysr, ..., y) > build final state

;

132 Wy Jene Jow Jaee Jps [Tjes ﬁ » importance weight
14: return (71, ..., Jns Wps)
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Boltzmann equations Challenges
+ Solve for particle distribution function f,(y) a’/:a (y) 1 « Increase overall numerical precision
evolution in expanding universe « Advanced collision integra|s
» Comoving quantities: time x, momentum y — a (higher-multiplicity processes, NLO)
 Examples: dark matter production, & 10g x H « Flexible and easy to use framework
baryogenesis/leptogenesis, neutrino « Theory parameter conditioned training for
decoupling efficient scans
y, . y,
3\ 3\
Boltzmann equation solver Example: neutrino decoupling
* Fixed-point iteration with stiffness-aware target * Precision Standard Model calculation of N.g, the effective number of
«Natural gradient updates include function space geometry relativistic neutrino degrees of freedom
* Excellent agreement with the literature result N.g = 3.0440 £ 0.0001 [4]
1.00 A=0.83
o | -—-Ad —A=091 inti i
_ 10 - natauTal aradient . — 310 Description NBE Literature
T o107 s —2=12 Instantaneous decoupling — 3 (exact)
= . Non-instantaneous 3.0340 + 0.0001 3.0350 £ 0.0010
£ 107t R 10-90 + finite-temperature QED 3.0434 £ 0.0001 3.0443 £ 0.0010
Lo < 1o — + spectral distortions ~ 3.0434 + 0.0001 3.0434 + 0.0001
= B + flavour oscillations 30439 £ 0.0001 3.0440 = 0.0001
< 1000 =
T @ e s 100 R T « Conditioned NBE scans the parameter space of a BSM model [5] that
eration E can resolve the 20 tension with N.g = 2.81 + 0.12 [6]
e, it it oo s 14] e g
1 Opy Oy pror P ' P o > warm-start from previous step 2 139 Ka] R 2.6 i d 2.81
2: repeat Q. & 0.30 i i
3 &~ ppial@fori=1,..., B > sample conditions > 1.24 ) 2.5
4 (&, &) > batched evaluation Q 1.1 I 0.15 2.5
5: w; — NN(&O)forl=n+1,n,... > cache distribution function parameters 50 2.4 .
6: for speciesa =1,..., N do > update each species independently 1.0 1 2‘1.;
7: ~p(|wns1,a > sample test momenta _ . 4
8: Z(y),pfc(!y) e/ezlaluate collision integral ple test ' Ve £ 1015 2.3
9: Al(y), y « evaluate scheme coefficients = 1.006 7 -~ Yu U % 1.0104 2.0
10: Starger(y) — T((Y: @ns1,a), S(), k), Ay), y) > fixed-point target S 1,004 V) K 2.2
0 g o) - Sual)) T ' £1.0051
12: W — [pl0ns1,0) §¥; @nra)] 2 1.002 1 g 2.1 i
: o sl ®) using autodi 5 H i
12 {/anii(w)‘ ;UQ"ITWIQ . 1.000 —2 o 02 Lo ) : 20 — L5
15; Ops10 — G,MYM —F Y Twr > natural-gradient step 10 10 10 0 4 8 12 2 3 5 10 20
16: until convergence criteria satisfied x y mg [MeV]
y, y,
N
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How to simulate the early universe

Comoving quantities: Collision operator
time x, momentum y (phase space integral)

Distribution function f_
(Bose-Einstein, Fermi-Dirac, ...)

Applications:
dark matter production,
neutrino decoupling,

Match particle number changes  leptogenesis/baryogenesis
from expansion and collisions




Computational challenges

Classical approach Neural Boltzmann Equations
Evolve f,(x, y) on Continuous ansatz

b —’ - . . . "
fixed momentum grid (neural distribution functlons‘)/

Rewrite collision operator

_——
and use quadrature methods Monte Carlo tools from LHC\)/

Parameter scan takes - N
—_— D
©(1000) runs iIngle conditional solv‘e/




1) Neural distribution functions

Learnable parametrization @ Predict parametrisation based on theory &:
inspired by Fermi-Dirac/Bose-Einstein:
M :
A 0= {1, 0% 0 )iy | = NN(E:6)
) =—=—npQy)
Y
M
Y 0.6 - boson, m/T =0
P(Y) E— W, }/(8 ., /lm) & — boson, m/T =1
ET C:\i 0.4 - fermion, m/T =0
m=1 ﬁ\ ' — fermion, m/T =1
‘\/Zz-l-mz—m 0.2
F - —————————mem
' T
_ a—1 _—Ae %
y(e|a, L) = (Ae)* e k:
['(a) %




2) Monte Carlo collision operator

I ; 2 b — do
Gl =5 2 |0 PN
d k C\%)
S ot T ...
— - — (1 e — semi-analytical
Al ] H Ja H (1) — (i< out) 5 BEST, & =y 9.2%

ack ack;,

out e , | * NBE, G = 0.45%
| ¢ NBE+MadNIS, 6 = 0.27% N, =10°
Tricks (borrowed from LHC): T T I 1
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I Wi i Al
1000 X more sample efficient = 100 o
than BEST! y
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3) Natural gradient training

1) Build fixed-point target g, ..(), construct
residual r = g(y; 0) — gtarget(y), weights w

2) Natural gradient step

_ 0g(y; 0)
00

J W = diag(w)

F=J"WJ

0=60—F'J'"Wr |

Alternatively: ' = 0 — J

(JJ

)'r

(‘g — gtarget‘ >y~p(}’)

PINNs don’t work!

-==- Adam
— natural gradient

20

40 60 80 100
iteration



Neutrino decoupling

Early universe precision observable:

N

c

= 3.0440 £ 0.0001

NBE matches precision of literature value

Description NBE Literature

Instantaneous decoupling — 3 (exact)

Non-instantaneous 3.0340 +0.0001  3.0350 % 0.0010 (Escudero Abenza,|[2020)
finite-temperature QED  3.0434 £ 0.0001  3.0443 =+ 0.0010* (Escudero Abenza, 2020
spectral distortions 3.0434 +0.0001  3.0434 + 0.0001* (Bennett et al., 2021)
flavour oscillations 3.0439 4+ 0.0001 3.0440 % 0.0001 (Bennett et al.,[2021

-

yif(y)

g:

lib

qui

O
oY)

g spectral/

0.45 -
0.30 -

0.15-

1.015 -
1.010 -

Deviation from
equilibrium




Neutrino decoupling with new particles

Theory (SM): N,

c

¢ = 3.0440 = 0.0002 6 Experiment: N, = 2.81 £0.12

I agrees

Extended theory with
new particles

single NBE training




Summary

 NBE can do fast+precise
cosmic evolution calculations

* Use LHC event generation tools
for cosmology

* The natural gradient method is cool!

Learn more
at poster #65
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*Factorise f(y) into normalisation 1 and normalised shape p(y)
nry), n=/dy

*Density p(y) as gamma mixture in the kinetic energy ¢
M

*Ensure f < 1 for fermions with an unconstrained f; as f = fy/(1 + fo)
* Predict parameters @ with NN conditioned on theory &

Neural distribution functions

4m’E
v

fy) =

p(y) = Ey_TZ Wy y(s’am,/\m) , ylela, M) =
m=1

w = {ﬂ,(wm, am/)\m)%ﬂ} = NN(&; 0)

) (

*MC integral over all other particles

Collision operator

0.61 bOSOIl, m/T =0 Algorithm 1 Phase space generation for a process with m ingoing and 1 — m outgoing particles.
S - bOSOl’l, m/T =1 Require: observed momentum y, condition &, masses m;, ..., m,, proposal densities ps, ..., pu
. _ 10 41— iz
< 0.44 ferm%on, m/T =0 20 Y~ pr(- 1 &), O~ UG fork=2,...,m
) — fermion, m/T =1 32 g ~ U ([0, 1701
Il 4: if neural importance sampling then N .
bo 5: 1, Jene <= ToUnitCube(ya, ..., Ym, Qa, . .., Qun, Uout)
6: 1, Jaow — Flow(u | yy, &)
7o e Y Qe Qo ttow), Jace < ToUnitCube™ (u)
8: else
9 Jenes Joows Jaee ¢ 1

; ) 2] 66— 00
v’ B ~
2w, [ apw=1 Gl =53, [ oM Al 5
k Lo . ' P
Al fl= bl:[ Jo bl—k[ (1 £ fy) = (in & out) ¢  sombanalytcal \/
—_— €Kout €Kin NBE, & = 0.45%
L(Ae)"’le”‘f, &= 7% tmiom . s =2 4 NBE+(;AadNIS, G=0.27% N, = 10°
I(a) T *MadSpace [2] mappings, f(y) -
sampling, MadNIS flow refinement £ &9 X
*NBE 1000x more sample efficient & 10 Eag o
than BEST baseline [3] § 107 PR S e
107! 10° 10!
y

10: }‘/kHykok fork=2,..., m
111 V5 e [(Seem E? = | S 7el?]7? with Ex = (52 + m2)1/2

120 Guusts - - Gns Jps — MadSpace(uou: VS, M1, - ., 0iy)

|g/gtarget - 1|

. w
131 wWps = Jone Jtiow Jaee Jps [Tj=s Wi\é)

> observed leg, pinned to a fixed axis £
> sample initial legs

> MadNIS refinement

» build initial state

» build final state
> importance weight

14: return (71, ..., Jns Wps)
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Boltzmann equations Challenges
+ Solve for particle distribution function f,(y) a’f"a (y) 1 « Increase overall numerical precision
evolution in expanding universe C « Advanced collision integrals
» Comoving quantities: time x, momentum y — a (higher-multiplicity processes, NLO)
 Examples: dark matter production, & 1Og x H « Flexible and easy to use framework
baryogenesis/leptogenesis, neutrino « Theory parameter conditioned training for
decoupling efficient scans
_J \
) (
Boltzmann equation solver Example: neutrino decoupling
* Fixed-point iteration with stiffness-aware target * Precision Standard Model calculation of N.g, the effective number of
«Natural gradient updates include function space geometry relativistic neutrino degrees of freedom
* Excellent agreement with the literature result N.g = 3.0440 £ 0.0001 [4]
A=0.83
0 -—- Ad — A=091 ioti i
) 10 T Adam aradient . — 310 Description NBE Literature
E‘ 102 £ —A=121 Instantaneous decoupling — 3 (exact)
= Non-instantaneous 3.0340 £ 0.0001 3.0350 + 0.0010
& 107 ) + finite-temperature QED 3.0434 = 0.0001 3.0443 + 0.0010
s o s — + spectral distortions 3.0434 £ 0.0001 3.0434 £ 0.0001
= 1 B + flavour oscillations 3.0439 % 0.0001 3.0440 % 0.0001
T @ e s 100 N » Conditioned NBE scans the parameter space of a BSM model [5] that
iteration 5000 10000 15000 20000 . .
‘ can resolve the 20 tension with Neg = 2.81 £ 0.12 [6]
Algorithm 2 Boltzmann solver step log x,, — log x4 fixed-point iteration 141 - 2.7 i } T 3.0
uire: condition prior pyrio:(£), frozen previous solutions 6y, 0,1, ... : ~ 0.45- [\ G ‘=. '3
l?eiqgm eend‘ prior P : ttons 6. 0 > warm-start from previous step 2 139 g / \ Vu 2.6 l‘. ‘3 ﬁ2.81
g repzai Pprior(&) fori=1,...,B > sample conditions % 1.21 5 0301 : \ e 2.5 ‘:1 i i
; f);j—(‘f\lll,\(é%,)) forl=n+1,n,... > cache distributicnbf::c:;:idp:\r’:::::ieorz < 119 Llo 0'15<; \ §2 4 25
6: for speciesa =1,..., N do ' > update each species independently 1.0 1 / \\\ \Ec ’ 5
7: Y~ pllwnsi,e) e > sample test momenta 51.015 £ 23 4
8 s(y), k(y) < evaluate collision \mggral < 1.0064 - El (|
190.. Aly), y « evalua!e‘ scheme COerKzlemS : N > bg'; 1.0101 ~ -+2.0
: Srarget(y) < T(g(y; @ns1,0), (), k(y), A(y), 7) > fixed-point target 21,0041 < 2.2
11: 1 80 @nena) = Suay) : £1.005
12: W — [pylwnt,n) $(4; 0ner0)] < 1.002 1 g / 2.1 ] il |
13: I W‘U:UWH using autodiff 1.000 05 1.000 - 20 i ! ll L s
1; ZV:? (&E’éwly Ffi"[lTIKVV{/V > natural-gradient step 1072 160 162 0 “1 é 12 . 2 3 5 10 20 .
16: until conve’rgence cri{eria satisfied x Yy mg [MeV]
J .
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Extra slides



Algorithm 1 Phase-space generation for a process with m incoming and n — m outgoing particles.

Require: observed momentum ¥, condition &£, masses mq, . .., m,, proposal densities ps, ..., pm
1: Y1 < Y12 > observed leg, pinned to a fixed axis 2
2 yp ~pe(- | €), Qe ~US2) fork=2,...,m > sample initial legs
3: Uout ~ Z/{([O, 1]3(n— m)_4)

4: if neural importance sampling then

5: U, Jenec < ToUnitCube(ya, ..., Ym, QQ, e Qm,uout)

6: U, Jaow < Flow(u | y1,§) > MadNIS refinement
7: (y2, . . - TR 0 PUUUN ¢ I Uout )s Jdec ToUnitCube_l(u)

8: else

9: Jenca Jﬂowa Jdec <1

10: yi < ykﬂk fork=2,...,m > build 1nitial state

11: /s [(Zk<m Er)? —| Zk<m 37k|2] V2 with Ey = (yi + mk)1/2

12: Ymt1s- > Yns Jps Ma,dSpace(uout, VS Muma1y.n.,My) > build final state

13: wps ¢ Jenc Jow Jdec Jps [ [ 1o 7 ( yk ) > importance weight

14: return (41, ..., Yn; Wps)
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Algorithm 2 Boltzmann solver step log x,, — log x,,..1 fixed-point iteration

Require: condition prior pyio: (), frozen previous solutions 6,,, 6,, 1, . ..

1: 6,401 < 0y, > warm-start from previous step
2: repeat
3: & ~ Pprior(§) fore=1,...,B > sample conditions
4: £+ (&1,...€B) > batched evaluation
5: w; < NN(&;0;) forl=n+1,n,... > cache distribution function parameters
6: for speciesa =1,..., N do > update each species independently
7: Yy~ p(:|wntia) > sample test momenta
8: s(y), k(y) < evaluate collision integral following Section|4.2
9: A(y), v < evaluate scheme coefficients using Appendix|A.3
10: Gtarget(y) < T(9(y; wn+1,a), 8(y), k(¥), A(Y),7) > fixed-point target Eq. (14)
11: Ty < g(y; wn—l—l,a) — Jtarget (y)
~1
12: W <— [p(y|wn+1,a) 9(y; wn+1,a)]
13: J 9 (ygg(o)) o using autodiff
=0Un+1,a
14: W « diag(w), F < J'WJ
15: On+1.0a ¢ Ont+1.0 — F1JT"Wr > natural-gradient step Eq. (7)

16: until convergence criteria satisfied
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