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Basic Concepts

o Need a mathematical formalism based on GR

o Derive rigorously (gange choices) GW equations
n multiple contexts (Mink. / FLRW / Schw.)

o Origiv, propagation and detection opens

a door \nto fundamental physics (GR, QW, TD)



Linearization of GR

GW nteract weakly — linearize GR
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Small perturbation around empty space
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Linearization of GR

Linearize the Riemanv tensor
1
M= = (a,/aph,w + 8,00 hup — 0uBphue — a,,aghw)

h=n"hy, ho=n""h,, =—h
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Ry = R — inuyh hyy = ﬁ,w — =

Twtroduce W

Substitute v the full Eivstein Equations
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Linearization of GR

Residual freedom, choose Lorente ganae 8 hy, =0

h,ul/ ¥ h,,uz/ (3j ) B h,ul/(x) — ugu — prb + Nuv pgp

0" Ny — (0"hyw) = 8%hy, — OE, where O = 1,,0M0" = 9,0"
0" by = fu(z) = D& = fu(z)

Final result (with sources) M Vacuum
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Linearization of GR

Use the aange to remove spuriouns degrees of freedom

How wmawny d.of. does a GW have?
[15,== 0 Bnln) ol i) =lymle) = Gl 0.5,
0 TN S
WMake the choices: g,(x) = = B =
) = Rr%2)=0

Eliminate some of the h:
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Finally the TT gange:




Plane wave solutions

Plane wave solutions in vacuum: k= (Z.5). with ki =0 — w=c[E]
- . “ - = 8‘7]11]:0 i
Ohg=0 — H (@) =éyk)e™" n=~k/kl = n'hi;=0
Polarizations: h;FjT(t, 2=\ hx —hy O cos|w(t — z/c)]
| o0 0 0/,
Space-time element: g

ds® = —c?dt*+dz*+(1+hg cos[w(t—z/c)])dz*+(1—hy cosjw(t—z/c)])dy*+2hy cosjw(t—2z/c)|dzdy

Expansion in Fourier space: . (1 0 )
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GW effect on matter

Geodetic deviation:
@t (r), (1) + €4(7)

The + polarization:
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GW energy & momentum

Expansion to second order:

LR

v nv

R;w T R,uz/ + R

Einstein eduations averaged over wavelengths/periods
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Define energy-momentuim tensor of the GW
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GW energy & momentum
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GW everay-momentum tensor:
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Evergy flux and momentum carried by the waves:
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GW solutions in matter

Oy, = —IGC—ZGTW = hu(z) = - 16ch / dic’ G(z — )T, (')
0,G(z — 2') = 84z — o) Gz — ') = _55;72 _ i? bt X - x|
GW solution in matter: P (t, %) = t_f / &3’ %E{(t_fe;’?')
Post-Newtonian expansion: B s (d;)
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GW solutions in matter

WMomewnts of the matter distribution

1 3 700 1
M:E/dazT (0, x) p:C_2T00
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Quadrupole tensor: @V =MY — 269 My, = / &z p(t, %) (MJ : 57,35@7)

GW solution in matter:




Jt =

GW solutions in matter

Radiated @vn@r@w - Quadrupole:

(Y 2 (i
Q) quaa 327G
2

c 3 T L N i iik /. TT; TT dJ! 2G . )
397G /d = [_63 <h“" aCh >+2€‘7 <haj hak >] (g) = ;6‘7 <Qjana>
quad

Radiated eneray - Octupole:
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Black Hole Binaries

~ . GM
Circnlar orbits: W=
| 4Gpw?R? 1 4 cos?6
xo(t) — R Cos(wst) h+ (t; 07 ¢) — A 7', 9 Cos(zwstret == 2¢)
yo(t) = R sin(wst) 4G uw? R?
20(t) = 0 hx (£;6, ) = —2—— cos 6 sin(2wstre; + 2¢)
Power ewmitted: w = 2w,
(dP) B
df? quad
2
0 + cos6
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Pquad = =

5¢d 106°




Black Hole Binaries

‘ 5/3 2/3
Chirp mass: hy (0, 6) = (GM ) ( fgw) - +;OS i COS(27 fatrer + 20)
3/5 5/3 2/3
M, = Mg/ M2/5 — (myms) g hy(t; 0, ¢) = 4 (GA[ ) (ngw) cos 0 sin(27 fewtret + 20)
(my +ma)1/5 G

Loss of eneray in (W




Black Hole Binaries

Time of coalescence: 7 =teoa —t

fgw —
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Black Hole Binaries

. . DB
Elliptical orbits: 2 =1+ 1l
G2M2y3

: GMR)'/? cos? Sin 1 cos
Y = ( ) M;; = W"Q : v %2 v
r2 singcosty  sin“
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Radiated power:
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Black Hole Binaries

Averane per orbit:
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Black Hole Binaries

Time evolution:
dE  32G*M°u? da  64G°M>p
dt ~ 5¢ 5M f(e) dt aea” fle)
c'a —>

dL 2y ey ] 2 | T de 304 G3M?

_ = — 14+ —e —_— = —
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Rotatlng Quasispherical NS

Tewsor of Inertia:

1
]z'j = /Vdgl’p (7’251']' — CCZSI‘J> —— Qij = — (]ZJ — §5ZJ[>

e A 0 I 0 0
Iij = — 0 c+a?2 O =| 0 I, 0
0 0 a%+b° 0 0 I3

C\/m\A@@ to a rotativg frame wrt. z-axis:

— P! o= Ot Lop= RepRoliy = (RI,RT)U

1] J
cosp —singp 0 I cos® o + Iysin® ¢ (I; — Ip)singpcosp 0
Roje= sing cosp 0 (I1 — I2)sinpcose I sin2<p+12 COSQQ,D 0
0 0 1 0 0 I3



Rotating Quasispherical NS

Quadrupole Tensor:

1 2
Qu == (Ty=goul ) =~Ty+oomst. __h-1, ( il
1] — 2 i
Tr I = I + I, + I3 = const. 0 0
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Detection of GW

miuror
. y A

Laser interferometer: 5
beam .
splitter muror

> S =

Electric field: Laser

photodetector
El — _lEO e_ith-i-Qik’LLI
o

B =l & By—— iy et et Sin [l (Fy— B

E2 — +1EO e—ith—I—Qik‘LLy
2

| Bous|* = Ej sin’[kz (L, — L)]



Detection of GW

Effect of GW (+ pol) oun distances: hey (t) = ho cOS weyt

2 _
152 — _ 2042 2 B 2 , ds”=0 e 1
s = —cdt* + [1+ hy(t)|dz” 4+ [1 — hy(t)|dy” + d= — da=ctedt |1 — §h+(t)

.l ; to
Ly =c(t1 —tg) — 5/ dt'hi(t') + on the way back L, =c(ts—t1) — 5/ dt' by (2)
3]

2 Jto 2
Total time and differevce in phase: P = P, sin?[po + A¢x(t))
ty—tg = [1 g RN S Smfg‘)w"f/c/ ) Adrion = Ady — Ady = 200,
Ado(t) = o llesMWewlale) o, 6= Lo/ APaw = %I sin 260 Adntich
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Detection of GW

The detector measures the total strain:  h(t) = D hy(t)

The measurement depeunds on the transter function:  how(f) = T(H)R(f)

The output also includes the detector woise:

(Assumed Gaunssian and Stationary) Sout(t) = hout (t) + Mout (?)

(n(t)) =0, 6(f=0)— [/m dt e%ift] =T

B f—0




Detection of GW

Properties of the voise (Gaunssian and Stationary):

Af =1/T 0

— W) == == [ &S ()= [ & Sulf)
S5a() = (A(N)P)AS 7 /—oo /0

Signal to Noise Ratio. (K = filter function):
(n(t)) =0

S:/_oodt(s(t))K(t):/Oodth(t)K(t):/_oodffz(f)f(*(f)

N? = (s2(t))p=o = / /_ "t dt' K(t) K(t'){n(t)n(t')) = / T %Sn(f)l K(f)



Detection of GW

Siamal to Nolse Ratio: B _ I dfh(f)i(f )
7 N a2 )] K (F)[2] 72
~ .m0 SN2 _ [ )P
Optimal filter: K(f) = const. SF = (N) _4/0 ¥ 5
Example 1: Stochastic W Backgronnd
(his®ORI(0) =4 | " df Su(f)
: 2
2 . 1 dpgw 474 .
Pgw = 390 <hwhz‘7> — ng(f) pcdloggf 3—H3f3Sh<f)
Y dpgw
Paw —/0 d(logf)dloggf



Detection of GW

Example 2. Distance to coalescing binaries

) V/5/6 ¢ (GJ\[ ) B F7/6 Y (0 K e on e aeeme !

h(f) = 23 the systewm, clination, ete.

ol 2 5 GM. fax 7/‘3
— (3) - () wewsr [ L

Averaging over inclination, we can solve for the distance

C3

5(S/N) 72/3 \ ¢3 Sn(f)

/ 5 1/2
2C 5/6 GA[C ")/6 'fmax f—7/3 /
dsight = df

0



Observation of GW

First direct detection of GW (14 Sep 2.015): GWA5001 4

Strain (10?%Y)

Frequency (Hz)
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T T T T T T T T
| v U ¥
H — L1 observed | ! “ -
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T T T T
1.0+
05F
0.0
-0.51
-1.0f — Numeral relativity H — Numerial relativity | -
Reconstructed (wavelet) Reconstructed (wavelet)
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05 : : : S : : : =
05 WWLJMN,/\WWW WWWMW
'0'5—|— Residual || [[= Residual i
T I I T T I T T o
©
=
8 =3
6 5
©
4 8
2 £
)
0=
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Time (s) Time (s)



Observation of GW

First direct detection of GW (14 Sep 2.015): GWA5001 4
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Observation of GW

First direct detection of GW (14 Sep 2.015): GWA5001 4

1 Hz 10~
dr ~ 45 Gpc ]/3 P8
E h g3 _ (BT (oMY
R e fgW — 5 03 (tcoal _ t)
. 'SA'A . .
Linear fit of fc;v.?( t) from combined Hi, L1 stral/
! M, ~ 30 Mo M= S (5 )3 AN
o Hods 1o 4 R 8 r11
G 96) T iz
S . / ar _
0 2 0 ? E 3
~ 2 Primary black hole mass 36 M
§ 2 o _Ef" Secondary black hole mass 20 ng_.;.
f Final black hole mass 62 :}M(,,I
2 ; e
N s Final black hole spin 0.67:093
R 120 Luminosity distance 41()'_"]“&’:; Mpc
. Source redshift z ().()9;:,’:8;

Time (s)



Black Holes and Neutron Stars

160

LIGO-Virgo Black Holes

o

?O'O‘ )

o
o

N
(@)

N
(@)

Solar Mass

()
()
10 ¢ EM Black Holes
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Updated 2020-09-02
LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestern



Black Holes and Neutron Stars

Solar Mass

EM Neutron Stars

Astrophysi\c@a! BH Mass Gap

. [ ] ® ®
LIGOV o Neutro St

M < Chamdxasekhar mass

LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestern




Black Holes and Neutron Stars
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GWTC-3
Black Holes and Neutron Stars

Solar Mass

LIGO-Virgo-KAGRA | Aaron Geller | Northwestern



GRAVITATIONAL WAVE MERGER DETECTIONS

SINCE 2015
02
IIIII IIIII iiiii IIIII IIIII IIIII IIIII IIIII IIIII

03a+b

2019-2020

OBSERVING 01
RUN —— 2015-2016

Qe

KEY

Note that the mass estimates shown here do not include uncertainties,

BLACK HOLE NEUTRON STAR which is why the final mass is sometimes larger than the sum of the

(SHOWN AT X10 SCALE) i d dary masses. In actuality, the final mass is smaller
primary and secondary Y,
PRIMARY MASS © UNCERTAIN OBJECT UNITS ARE SOLAR MASSES than the primary plus the secondary mass. M\/\/WWAOZQ,’M_
1 SOLAR MASS = 1.989 x 103°%kg . .
EINAL MASS SECONDARY MASS The events listed here pass one of two thresholds for detection. ARC Cantreof xcaence for Gravitztonal Wave Discovery

DATE They either have a probability of being astrophysical of at least 50%,
or they pass a false alarm rate threshold of less than 1 per 3 years.



Secondary mass (M)
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Close Hyperbolic Encounters

Primordial Black Holes v dense clusters scatter off each other

b sin g a(e? —1)

GW bremsstrahlung

m, 'V, cos( — o) — €oS Yo T ecos(ip — @)
*—
2 e—1 2GM
Tmin:af(e_l): >RSE 5
m, e+ 1 C
b*v?
82:1+ GZI\/;Z ]\/I=m1+m2 bUO — Tmin Umax Umax < C
Vo e —1 (e + 1)3/2

[ = 2
(o = arccos (——) b % = gu] b> Ry 2(e — 1)1/2



Close Hyperbolic Encounters

Amplitude and Power emitted in Gw 3co’ =1 Beospsing 0

Qz’j:/,LTQ(QO> 3cospsing 3sin?p—1 0

2G| =ii01/2 2G| ’08 0 0 -
he = W@“Q j>¢,j:1,2 — Wg(% e)

2
g(p, e) = egfl [36+59e2+ 10e?

+(108 4 47¢€?) e cos(p — o) |

1/2
+59 €2 cos2(p — o) +9e>cos 3(p — cpo)}

P&
45¢5 b?

dE G

_%_ 4565 f(gpa 6)

2

<Qz]Qw> —

L)
. -

"—‘

Time duration of Burst:

: . 4
] = 20t +86(§§S—(¢1)4 %0))

[24—|—13€2 .-

3In2
e+ 35(1+e)e

b

+48 ¢ cos(p — ¢o) + 11 e2 cos 2(p — 900)} ¢ ~ 1ms
112 — 10—8AU




Close Hyperbolic Encounters

Power spectrum (fregquency domain)

o0 i o0 8 G7/2 M1/2¢m2m2
AE:/ Ptdt:—/ Plw)dw = — - L2 f(e
Pwa=— [ P 10
1 1 73 , 37
j8 = arar [24arccos <_E> (14—516 +§8>
(301 673 ,
_ +HE —1(74-66)]
Quadrupole tensor
. (3 —e?) cosh 26 — 8ecosh¢é  3v/e2 — 1(2esinh & — sinh 2¢) 0
Qe = §a2u 3ve? — 1(2esinh & — sinh 26)  (2e? — 3) cosh 2 4 4e cosh & 0
0 0 4e cosh € — e? cosh 2

r(€) = a(ecosh £ —1) t(§) = vp(esinh £ —§) vo = \/a3/GM



Close Hyperbolic Encounters

Power spectrum (fregquency domain)
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Close Hyperbolic Encounters

2 adl P
Peak Freduencys Pu = 2209t D)

=
39

45 (1+q)* (e—1)°

Vpeak

c®/G = Mp/tp = 3.6295 x 10°° erg/s
G 0.3064 x 10%° L,
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0.10¢

0.01¢

2 10 50 100

except for e = 1 and e — oo.



Close Hyperbolic Encounters

Detection at LLGO/Nirgo/ KAGRA and LTSA
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Close Hyperbolic Encounters

How do they look like?  Simulated injections

Ligo Livingston

le—21
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A
_2_
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A
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Time from 2017-08-19-17:29:18UTC [s]
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S 0
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_2,
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—0.3 —0.2 —0.1 0.0 0.1 0.2 0.3

Time from 2017-08-19-17:29:18UTC [s]



Close Hyperbolic Encounters

How do they look like?

Strain amplitude W (+)

Ligo Livingston, filtered 20 Hz - 800 Hz
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Close Hyperbolic Encounters

How do they look like?  Spectrogram f(+

Ligo Livingston
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Close Hyperbolic Encounters

How do Jrl/)@q look like? Com Jrl/)@q be comﬁ/tsed er\/] @[H’&\/]@S?




