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Basic Concepts
• Need a mathematical formalism based on GR

• Derive rigorously (gauge choices) GW equations

in multiple contexts (Mink. / FLRW / Schw.)

• Origin, propagation and detection opens

a door into fundamental physics (GR, QM, TD)



Linearization of GR
GW interact weakly → linearize GR

Diffeomorphism invariance

Small perturbation around empty space



Linearization of GR
Linearize the Riemann tensor

Introduce  h

Substitute in the full Einstein Equations



Linearization of GR
Residual freedom, choose Lorentz gauge

Final result (with sources)     in vacuum           

where



Linearization of GR
Use the gauge to remove spurious degrees of freedom
How many d.o.f. does a GW have?

Make the choices:

Eliminate some of the hij :

Finally the TT gauge:



Plane wave solutions
Plane wave solutions in vacuum:

Polarizations:

Space-time element:

Expansion in Fourier space:



GW effect on matter
Geodetic deviation:

The  + polarization: The   x polarization:



GW energy & momentum
Expansion to second order:

Einstein equations  averaged over wavelengths/periods

Define energy-momentum tensor of the GW



GW energy & momentum
Expansion:

Energy flux and momentum carried by the waves:

GW energy-momentum tensor:



GW solutions in matter

GW solution in matter:

Post-Newtonian expansion:



GW solutions in matter
Moments of the matter distribution

Quadrupole tensor:

GW solution in matter:



GW solutions in matter
Radiated energy - Quadrupole:

Radiated energy - Octupole:



Black Hole Binaries
Circular orbits:

Power emitted:
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Chirp mass:

Black Hole Binaries

Loss of energy in GW:



Black Hole Binaries
Time of coalescence:

Chirp in amplitude:



Black Hole Binaries
Elliptical orbits:

Radiated power:



Black Hole Binaries
Average per orbit:

Energy loss → change in period:



Black Hole Binaries
Time evolution:

Circularization of the orbit:

Time to coalescence:

0.0 0.2 0.4 0.6 0.8 1.0
0.01

0.10

1

10

100

e

a(
e)
/c
0



Rotating Quasispherical NS
Tensor of Inertia:

Change to a rotating frame  w.r.t. z-axis:



Rotating Quasispherical NS
Quadrupole Tensor:

For spherically symmetric NS:

In general:



Detection of GW
Laser interferometer:

Electric field:



Detection of GW
Effect of GW (+ pol) on distances:

+ on the way back

Total time and difference in phase:



Detection of GW
The detector measures the total strain:

The measurement depends on the transfer function:

The output also includes the detector noise:
(Assumed Gaussian and Stationary)



Detection of GW
Properties of the noise (Gaussian and Stationary):

Signal to Noise Ratio.  (K = filter function):



Detection of GW
Signal to Noise Ratio:  

Optimal filter:  

Example 1: Stochastic GW Background  



Detection of GW
Example 2: Distance to coalescing binaries

Averaging over inclination, we can solve for the distance

Depends on the geometry of 
the system, inclination, etc.



Observation of GW
First direct detection of GW (14 Sep 2015): GW150914  



Observation of GW
First direct detection of GW (14 Sep 2015): GW150914  



Observation of GW
First direct detection of GW (14 Sep 2015): GW150914  



Black Holes and Neutron Stars
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Black Holes and Neutron Stars
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Astrophysical BH Mass Gap

Astrophysical BH Mass Gap

M < Chandrasekhar mass



Microlensing
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Black Holes and Neutron Stars
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GWTC-3





GWTC-3  (08/11/21)



Clusters of PBH
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Close Hyperbolic Encounters
Primordial Black Holes in dense clusters scatter off each other  



Close Hyperbolic Encounters
Amplitude and Power emitted in GW

Time duration of Burst:



Close Hyperbolic Encounters
Power spectrum (frequency domain)

Quadrupole tensor



Close Hyperbolic Encounters
Power spectrum (frequency domain)

Total energy emitted:



Close Hyperbolic Encounters
Peak frequency:

GW memory effect (after scattering, s.t. remembers the event)



Close Hyperbolic Encounters
Detection at LIGO/Virgo/KAGRA and LISA



Close Hyperbolic Encounters
How do they look like?      Simulated injections



Close Hyperbolic Encounters
How do they look like?      Strain amplitude  h(t)



Close Hyperbolic Encounters
How do they look like?      Spectrogram  f(t)



Close Hyperbolic Encounters
How do they look like?       Can they be confused with glitches?


